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Robotics and control Energy Signal processing

Claim: real-world optimization is parametric

Model predictive control
optimize over a smaller horizon (T steps), 


implement first control, 

repeat



Robust Kalman filtering

3

Robust Kalman filtering

Second-order cone program
<latexit sha1_base64="wmBayszewVHXzNJoCdga7+f4ru0="></latexit>

θ = {yt}T−1
t=0

Noisy trajectory Recovered trajectory

<latexit sha1_base64="7yxtuIZ6tNpPxLu6srfRVMdLQ98="></latexit>

{x⋆
t , w

⋆
t , v

⋆
t }T−1

t=0

<latexit sha1_base64="Wqcg3Cxv4zH0ZEoRidtuvUaulrs="></latexit>

minimize
PT�1

t=0 kwtk22 + µ ⇢(vt)

subject to xt+1 = Axt +Bwt 8t
yt = Cxt + vt 8t

<latexit sha1_base64="x6qn6cmi2SxSZKdSKfDHj8XSym4="></latexit>

Dynamics matrices: A,B
<latexit sha1_base64="SzOUyJT1giHqFnGMFhahQlj5+4I="></latexit>

Observation matrix: C
<latexit sha1_base64="lswLSxz0u8vO5ASQiTkJEUy17kw="></latexit>

Huber loss:  ⇢



Worst-case bounds can be very loose
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Worst-case analysis: sublinear convergence

In practice: linear convergence over the parametric family
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SCS empirical average performance 

over 1000 parametric problems

Worst-case bound

Example: robust Kalman filtering

Second-order cone program
<latexit sha1_base64="Wqcg3Cxv4zH0ZEoRidtuvUaulrs="></latexit>

minimize
PT�1

t=0 kwtk22 + µ ⇢(vt)

subject to xt+1 = Axt +Bwt 8t
yt = Cxt + vt 8t

Worst-case bounds do not consider the parametric structure

Large gap
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We will bound 0-1 error metrics
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<latexit sha1_base64="MWI6JhEpIj8OrRqYVy8eYHg8/Og="></latexit>

e(θ) = 1(ℓk(θ) > ϵ)

tolerancealgorithm steps

We will provide guarantees for  
any measured quantity

Standard metrics
e.g., fixed-point residual

Task-specific metrics:
e.g., quality of extracted states 


in robust Kalman filtering



Background: Kullback-Liebler Divergence
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<latexit sha1_base64="WFTRHjyDfYn/2o1SxqQiU3pe7r0="></latexit>

KL(empirical risk k risk)  regularizer
Our bounds on the risk will take the form 

Invert these bounds by solving 
<latexit sha1_base64="PmHOEH6/NVBMQWgym49sR4tDl+w="></latexit>

risk ≤ KL−1 (empirical risk | regularizer)
<latexit sha1_base64="+fjA018DBNXvGWnXU7MlN07fWgc="></latexit>

maximize p

subject to q log q
p + (1� q) log 1�q

1�p  c

0  p  1

<latexit sha1_base64="8VqoO/I0LIFR4qXZxnqiU7TrSko="></latexit>

KL−1 (q | c) =

KL divergence: measures distance between distributions
<latexit sha1_base64="5z7Tk/0OWh3dUsLlyVcyDcISRZc="></latexit>

KL(q k p) =
mX

i=1

qi log

✓
qi
pi

◆

1D convex optimization problem



Statistical learning theory can provide probabilistic guarantees
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<latexit sha1_base64="MWI6JhEpIj8OrRqYVy8eYHg8/Og="></latexit>

e(θ) = 1(ℓk(θ) > ϵ)

tolerancealgorithm steps

<latexit sha1_base64="YXUEHaA9sCJfj9t98hLT9zVGny8="></latexit>

”With probability 1��, 90% of the time the fixed-point residual is below ✏ = 0.01
after k = 20 steps”

[Langford et. al 2001]Sample convergence bound: with probability
<latexit sha1_base64="DeJ40wyGAqoKkEiU8otQ/Sv3imc="></latexit>

1� �

<latexit sha1_base64="EgP08CYfXEHoK/Zl0eXnM8tv50o="></latexit>

risk ≤ KL−1 (empirical risk | regularizer)

<latexit sha1_base64="0aPdfp+BumDlHPiQ7bdmpWWyYtM="></latexit>

Eθ∼X e(θ) ≤ KL−1

(
1

N

N∑

i=1

e(θi)

∣∣∣∣
log(2/δ)

N

)

<latexit sha1_base64="AVy62QBKHhQYultzSboBpQYKbys="></latexit>

P(ℓk(θ) > ϵ) =

Number of problems



Robust Kalman filtering guarantees
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30th quantile bound

0 50 100 150 200
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90th quantile bound

0 50 100 150 200
evaluation steps

99th quantile bound

Empirical 

average

Probabilistic bound with

Worst-case 

bound

1000 samples

100 samples

10 samples

With 1000 samples, we provide strong probabilistic guarantees on the 99th quantile



Visualizing Robust Kalman filtering guarantees
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“With high probability, 90% of the time, all of the 

recovered states after 15 steps of problems drawn from the 


distribution will be within the correct ball with radius 0.1”

Optimal solution
Noisy trajectory

Solution after 15 steps

<latexit sha1_base64="adkn9WLY4izcx2CUGUYHs0ga6NA="></latexit>

e(θ) = 1

(
max

t=1,...,T
∥xt − x⋆

t ∥2 > ϵ

)Task-specific error metric

Region 

with guarantee
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The learning to optimize paradigm
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Offline
Data collection

✓

Parameters

Goal: solve the parametric 

optimization problem fast

<latexit sha1_base64="fy2e/1F8Sl0hVPBPQRKFGbBKoKM="></latexit>

minimize f✓(z)

subject to g✓(z)  0

Optimal 

solutions

<latexit sha1_base64="ESsRIwcNxGH4JJIAKq/Dr7IpF10="></latexit>

z?
Solve

Learn

✓

Unseen 

parameter

Online evaluation
Deploy

High-quality 

solution

Learned Optimizer

✓ Loss

Training 

parameter

Candidate 

solution

Training

Learnable Optimizer
<latexit sha1_base64="xdCoTiPDnpHp6DL0paE/HKfjpsk="></latexit>

ẑw(θ)<latexit sha1_base64="Inc0v7pD8Lj7dsgUT+vzwgpYUbg="></latexit>

with weights w



PAC-Bayes guarantees for learned optimizers
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Optimize the bounds directly

tolerancealgorithm steps

learnable weights

<latexit sha1_base64="mOvXRqKWKY50rBMF3eglaxrWoUo="></latexit>

Eθ∼XEw∼P ew(θ) ≤ KL−1

(
1

N

N∑

i=1

Ew∼P ew(θi)

∣∣∣∣
1

N
(KL(P ∥ P0) + log(N/δ))

)

[McAllester et. al 2003]
<latexit sha1_base64="px8q+/mrZCK65ackbq8/Sj3ICyw="></latexit>

McAllester bound: given posterior and prior distributions
P and P0, with probability 1� �

<latexit sha1_base64="PmHOEH6/NVBMQWgym49sR4tDl+w="></latexit>

risk ≤ KL−1 (empirical risk | regularizer)

<latexit sha1_base64="d8MV5OvLHOydpmGv8MjDSNjPoWA="></latexit>

ew(θ) = 1(ℓkw(θ) > ϵ)



PAC-Bayes training architecture to optimize the guarantees
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✓ L2O loss

Training 

parameter

Stochastic candidate 

solution

PAC-Bayes Training

Learnable Optimizer

Learn

Regularizer KL inverse Guarantee

Use differentiable optimization
We show that the derivative always exists 

posterior prior

<latexit sha1_base64="CfGRlZUx0qC8eihJWmT4rg+2+BY="></latexit>

P, P0

We implement the learnable optimizer and train with this architecture

<latexit sha1_base64="/yl1YqB0I8AM+moOIQQpsXhDlSE="></latexit>

w ∼ P

<latexit sha1_base64="xdCoTiPDnpHp6DL0paE/HKfjpsk="></latexit>

ẑw(θ)



Learned algorithms for sparse coding
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Sparse coding
<latexit sha1_base64="dQD5BH7YZ5zFOEoqWgKUZElNu2Y="></latexit>

✓ = b

Ground truth 

sparse signal

Noisy 

measurements

<latexit sha1_base64="Ls/PAMUn2Euu23UtOO5xwVPrLw0="></latexit>

z⋆
<latexit sha1_base64="/6Fpfb+j68da1WPsPnPKGCyEgj4="></latexit>

Recover sparse z? from b = Dz? + �

Learned ISTA

+ variants [Gregor and LeCun 2010, Liu et. al 2019]

(Learned optimizer)
<latexit sha1_base64="QogtijauRIJEC4p5Nw+DN8ZldbY="></latexit>

zj+1 = soft thresholdψj

(
W j

1 z
j +W j

2 b
)

<latexit sha1_base64="EsGEEEyuSGAHGw4bScdT4CSmfr4="></latexit>

D: dictionary, �: noise

Standard technique
<latexit sha1_base64="sh6whyvxzwi9pFNUZwb8Xirs2Ws="></latexit>

minimize kDz � bk22 + �kzk1

ISTA (iterative shrinkage thresholding algorithm)
(Classical optimizer)

<latexit sha1_base64="7KciAizvA1e1OPbem15YjMgQBxE="></latexit>

soft thresholdψ(z) = sign(z)max(0, |z|− ψ)

<latexit sha1_base64="wJaCEum3xICZmZUiJLQLZ+xts9M="> ajLOeVoPR8yM1uJUUkTRlRmYOZQwSl9luwXb/x7JMq9a/yUfKvEuo95y2GqYfjIoqMDXj6Etin5huy+oBeFmuvBY3TRXvyDLjGlnmbhQhRGZNL1xdrV4/f6rV8rLtuHXbaS6VRKaac43rNm2jcZslSZcD0HNRo2E7jWW7UY7jmzn5I3LqdbtZt5fMaJjldMqreNnYdqtOvbr0ymzpOhqeCfQAPUTzyEENtILW0SbaQgH6jL6jn+hXJai8r3yofBxKr4yd+dxHI6fy6Ter+bgT</latexit>

zj+1 = soft threshold λ
L

(
zj − 1

L
DT (Dzj − b)

)



Learned ISTA results for sparse coding
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K-shot Meta-Learning for Sine Curves
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<latexit sha1_base64="8Fn9RC49CNwAhSGqg0a90vR1F0Q="></latexit>

predictor with weights z

<latexit sha1_base64="PKRh+T9TzNn/N7XrnS8aoyIddYo="></latexit>

find weights z so that gz(xi) ⇡ yi

Weights that generalize 

to new points quickly

Gradient stepTraining dataset 

with K points

<latexit sha1_base64="iUBZhftoQBDcuQIHZNeXQZHyu2A="></latexit>

ẑ
<latexit sha1_base64="pEcrz6suK3mNlxLuzfKHgEQBmcw="></latexit>

ẑ = z − α∇zL(z,Dtrain)
<latexit sha1_base64="QdPIJxi07DCjj/AejPkoYBA0c8E="></latexit>

Dtrain

<latexit sha1_base64="voXApNlcfl7iVh+sTBdHZFB2Hpk="></latexit>

MAML learns a shared initialization z so that ẑ performs well on test data
Model-Agnostic Meta-Learning (MAML) [Finn et. al 2017]
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gradients

Pretrained 

Ground 

truth
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With high probability, 90% of the time stochastic MAML after 10 steps will stay within the band

Visualizing Guarantees: K-shot Meta-Learning for Sine Curves

The pretrained baseline only stays within the band 30% of the time 

Region with 

MAML 


guarantee

After 10 grad steps
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Conclusions

rajivsambharya.github.iorajivs@princeton.edu

Practical Performance Guarantees 

for Classical and Learned Optimizers

To be on Arxiv soon!

Statistical learning theory can provide bounds for parametric optimization

We do not need to sacrifice generalization guarantees for learned optimizers

http://rajivsambharya.github.io
mailto:rajivs@princeton.edu

