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Tracking a reference trajectory with a quadcopter
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Model predictive controller

Control 

inputs

Current state,

reference trajectory

Model predictive control
optimize over a smaller horizon (T steps), 


implement first control, 

repeat

Success! Failure: not enough time to solve
(If given enough time)

<latexit sha1_base64="4LduQNd++u5fivxGPMDSDrvmhQk="></latexit>

minimize
PT

t=1 kst � sreft k22
subject to st+1 = Ast +But

st 2 S, ut 2 U
s0 = sinit
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Robotics and control Energy Signal processing

Real-world optimization is parametric
<latexit sha1_base64="iB73PQXgC1m3wPrmqkrArBRalOI="></latexit>

minimize f(z, x)

subject to g(z, x)  0

Parameter
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

convex in <latexit sha1_base64="LYN0B7Gt+rSBNgKg0cKTKagI2H0="></latexit>z
<latexit sha1_base64="LxWVazgCBeg/htXwTCcflJFLH/I="></latexit>

f
<latexit sha1_base64="WZ60wyve8eD5c9HzLPvMuWzUWBs="></latexit>gand

Optimal solution
<latexit sha1_base64="ipZmSKI5BbNJ8lm6vZdFMbxu5FI="></latexit>

z⋆(x)



First-order methods are widely popular again…
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<latexit sha1_base64="sbPWBDNbhNXQ7g2fhlPfkpsM9qc="></latexit>

zk+1(x) = T (zk(x), x)Fixed-point iterations

cheap iterations

embedded 

optimization

large-scale

optimization

Benefits of first-order methods

First-order methods use only gradient information

Example: projected gradient descent
convex

smooth

convex set


gradient stepprojection

<latexit sha1_base64="MGGm6mU1Ep0HOePRsrr6UXzMK/I="></latexit>

minimize f(z, x)

subject to z 2 C(x)
<latexit sha1_base64="X6EeROB1A2+sJifsC/gkfQQasGM="></latexit>

zk+1(x) = ΠC(x)(z
k(x)− α∇f(zk(x), x)︸ ︷︷ ︸)

Many general-purpose solvers…
Applegate et al. 2021

PDLP
Stellato et al. 2020

OSQP
O’Donoghue et al. 2016



…But general-purpose first-order methods can converge slowly
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<latexit sha1_base64="soq74tu5upQ8NcAmhxxgZU0/XB0="></latexit>

z0(x) = 0Initialize
<latexit sha1_base64="sbPWBDNbhNXQ7g2fhlPfkpsM9qc="></latexit>

zk+1(x) = T (zk(x), x)Algorithm steps

Problem!

In many applications, we have a budget of iterations 

(e.g., I only have the time to run 20 fixed-point steps)

Fixed point

Optimal solution

<latexit sha1_base64="fGsWEw9M4z0cD5ykv/dQQGaXkvU="></latexit>

z⋆(x) = T (z⋆(x), x)

Terminate when 
<latexit sha1_base64="KQD0zCQU6OhjWiDBosOyKho0Llo=">AAACEnicbZC9TgJBFIVn8R//UEubiWACMZJdCrQksbHERNCEXcjscFcnzM6uM7NGWHgGG1/FxkJjbK3sfBsHpFDxJJN8Offe3LnHjzlT2rY/rczc/MLi0vJKdnVtfWMzt7XdVFEiKTRoxCN56RMFnAloaKY5XMYSSOhzuPB7J+P6xS1IxSJxrvsxeCG5EixglGhjdXKlgjsctNPegTMq3pXwIR60ewbcYaeCXQ432IVYMR6JQieXt8v2RHgWnCnk0VT1Tu7D7UY0CUFoyolSLceOtZcSqRnlMMq6iYKY0B65gpZBQUJQXjo5aYT3jdPFQSTNExpP3J8TKQmV6oe+6QyJvlZ/a2Pzv1or0cGxlzIRJxoE/V4UJBzrCI/zwV0mgWreN0CoZOavmF4TSag2KWZNCM7fk2ehWSk71XL1rJKvnU7jWEa7aA8VkYOOUA2dojpqIIru0SN6Ri/Wg/VkvVpv360Zazqzg37Jev8CG6Wb6g==</latexit>

kzk+1(x)� zk(x)k2  ✏



Can machine learning speed up convex parametric optimization?
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Optimization         Machine Learning
<latexit sha1_base64="0MZ9mDhY0ERCMBw8fcs2Rht61Yk="></latexit>

ẑOpt+ML(x)
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4=">AAAC9HicZVI9axtBEF1dvhzny07KNEdkQwpH3IkQuzS4UeNgQ2QbLGFm90bSov04787JEsv9grRJly6kzf9Jkf+SO0kQTp7q8d6+mbfM8FxJT0nypxU9ePjo8ZOtp9vPnr94+Wpn9/WFt4UT2BdWWXfFwaOSBvskSeFV7hA0V3jJpye1fjlD56U1X2iR41DD2MiRFEAVdT6/2WknnWRZ8X2QrkGbrevsZrf1d5BZUWg0JBR4f5 0mOQ0DOJJCYbk9KDzmIKYwxutsJnNvQKMfhvkybEMPS4q4arKgvV9oXsb7GmjiNzXuF2Uc73OrslrflGvuIK4ATfT/Fg4N3gmrNZgsDG4xqydYVYa9AVeV2d8W4HCvGaT2krXKN39V0OhoGKTJC0IjmhZu7ZSA+wNdKJLO3lWyRxK2MIQunML8FMjJ+UndNXSTcjMaOAcLT67yTMqQdrrN2cZ+qFMNw8ga8jmKVX8N0tRM6KGaYbUJiD9jgStRoRnTJAxycNJk1d7KkAjdzI2m0JJQl9VBpJvrvw8uup30U+fjedI+7q1PY4u9Ze/Ye5ayQ3bMeuyM9ZlgyL6yb+x7NIt+RD+jX6unUWvtecMaFf3+B0gl+QA=</latexit>x

Parameter
<latexit sha1_base64="TbyMXyDNyKg0bIbXkt+641Mh420="></latexit>

minimize f(z, x)

subject to g(z, x)  0
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

Only Optimization<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4=">AAAC9HicZVI9axtBEF1dvhzny07KNEdkQwpH3IkQuzS4UeNgQ2QbLGFm90bSov04787JEsv9grRJly6kzf9Jkf+SO0kQTp7q8d6+mbfM8FxJT0nypxU9ePjo8ZOtp9vPnr94+Wpn9/WFt4UT2BdWWXfFwaOSBvskSeFV7hA0V3jJpye1fjlD56U1X2iR41DD2MiRFEAVdT6/2WknnWRZ8X2QrkGbrevsZrf1d5BZUWg0JBR4f5 0mOQ0DOJJCYbk9KDzmIKYwxutsJnNvQKMfhvkybEMPS4q4arKgvV9oXsb7GmjiNzXuF2Uc73OrslrflGvuIK4ATfT/Fg4N3gmrNZgsDG4xqydYVYa9AVeV2d8W4HCvGaT2krXKN39V0OhoGKTJC0IjmhZu7ZSA+wNdKJLO3lWyRxK2MIQunML8FMjJ+UndNXSTcjMaOAcLT67yTMqQdrrN2cZ+qFMNw8ga8jmKVX8N0tRM6KGaYbUJiD9jgStRoRnTJAxycNJk1d7KkAjdzI2m0JJQl9VBpJvrvw8uup30U+fjedI+7q1PY4u9Ze/Ye5ayQ3bMeuyM9ZlgyL6yb+x7NIt+RD+jX6unUWvtecMaFf3+B0gl+QA=</latexit>x
<latexit sha1_base64="OPo/izYpTf5ZHR7i4ik7M9z+62U="></latexit>

ẑOpt(x)

Only Machine Learning<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4=">AAAC9HicZVI9axtBEF1dvhzny07KNEdkQwpH3IkQuzS4UeNgQ2QbLGFm90bSov04787JEsv9grRJly6kzf9Jkf+SO0kQTp7q8d6+mbfM8FxJT0nypxU9ePjo8ZOtp9vPnr94+Wpn9/WFt4UT2BdWWXfFwaOSBvskSeFV7hA0V3jJpye1fjlD56U1X2iR41DD2MiRFEAVdT6/2WknnWRZ8X2QrkGbrevsZrf1d5BZUWg0JBR4f5 0mOQ0DOJJCYbk9KDzmIKYwxutsJnNvQKMfhvkybEMPS4q4arKgvV9oXsb7GmjiNzXuF2Uc73OrslrflGvuIK4ATfT/Fg4N3gmrNZgsDG4xqydYVYa9AVeV2d8W4HCvGaT2krXKN39V0OhoGKTJC0IjmhZu7ZSA+wNdKJLO3lWyRxK2MIQunML8FMjJ+UndNXSTcjMaOAcLT67yTMqQdrrN2cZ+qFMNw8ga8jmKVX8N0tRM6KGaYbUJiD9jgStRoRnTJAxycNJk1d7KkAjdzI2m0JJQl9VBpJvrvw8uup30U+fjedI+7q1PY4u9Ze/Ye5ayQ3bMeuyM9ZlgyL6yb+x7NIt+RD+jX6unUWvtecMaFf3+B0gl+QA=</latexit>x
<latexit sha1_base64="o9H+St03/se4VeMzLsaPNEZryUg="></latexit>

ẑML(x)

Goal: Do mapping quickly and accurately
Optimal solution

<latexit sha1_base64="ipZmSKI5BbNJ8lm6vZdFMbxu5FI="></latexit>

z⋆(x)



The learning to optimize paradigm
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Goal: solve the parametric 

optimization problem fast

Offline
Data collection
Training


Parameters
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

Learned OptimizerUnseen 

parameter

Online evaluation
Deploy

High-quality 

solution

<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

Optimal 

solutions

Solve
<latexit sha1_base64="ipZmSKI5BbNJ8lm6vZdFMbxu5FI="></latexit>

z⋆(x)

<latexit sha1_base64="TbyMXyDNyKg0bIbXkt+641Mh420="></latexit>

minimize f(z, x)

subject to g(z, x)  0

Learn

Loss

Training 

parameter

Candidate 

solution

Training

Learnable Optimizer
<latexit sha1_base64="x/xB9rYw3yF1PFIXwK3v9ewK508="></latexit>

with weights ✓
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

<latexit sha1_base64="kImafgo4WCa8kKGDTeLaLZgTTFs="></latexit>

ẑθ(x)



Learning Algorithm 
Hyperparameters
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First-order methods as fixed-length computational graphs
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Example: projected gradient descent
<latexit sha1_base64="Igk7L4ECqMEhu4FU4uq2dmul53k="></latexit>

zk+1
✓ (x) = ⇧C(x)(z

k
✓ (x)� ✓krzf(z

k
✓ (x), x))

What if we learn the step sizes?

Conventional wisdom: use a constant step size
Recent advances: vary the step size!

Altschuler et. al 2023, Grimmer 2023, Bok et. al 2024

Algorithm 

Hyperparameters 

(e.g., step sizes)

<latexit sha1_base64="zNYxAuiRKMWurtQV4YeiX70Ym80="></latexit>

(✓0, . . . , ✓K�1)

<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

Optimizer

<latexit sha1_base64="fD+KxhlU9M+IEJrByhbSNYy30Bw="></latexit>. . .

Parameter

<latexit sha1_base64="nXLONeDKBbV5jX3EkvCwrH1e3JY=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSQi1WPBS8FLBfsBbSyb7aZdutnE3Umxlv4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz48F1+g439bK6tr6xmZmK7u9s7u3nzs4rOsoUZTVaCQi1fSJZoJLVkOOgjVjxUjoC9bwB9dTvzFkSvNI3uEoZl5IepIHnBI0kvfUaWOfIbm/KTyedXJ5p+jMYC8TNyV5SFHt5L7a3YgmIZNIBdG65ToxemOikFPBJtl2ollM6ID0WMtQSUKmvfHs6Il9apSuHUTKlER7pv6eGJNQ61Hom86QYF8velPxP6+VYHDljbmME2SSzhcFibAxsqcJ2F2uGEUxMoRQxc2tNu0TRSianLImBHfx5WVSPy+6pWLp9iJfrqRxZOAYTqAALlxCGSpQhRpQeIBneIU3a2i9WO/Wx7x1xUpnjuAPrM8fPyKRyg==</latexit>

zK✓ (x)
<latexit sha1_base64="rzKP+8zxTP9CS+KDSai4QZEJvDw=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIB8OuSPQY8BLwEsE8IFmX2clsMmT2wUyvGtd8ihcPinj1S7z5N06SPWhiQUNR1U13lxcLrsCyvo2l5ZXVtfXcRn5za3tn1yzsNVWUSMoaNBKRbHtEMcFD1gAOgrVjyUjgCdbyhpcTv3XHpOJReAOjmDkB6Yfc55SAllyz8Oh2YcCA3KZXJ/a49HDsmkWrbE2BF4mdkSLKUHfNr24voknAQqCCKNWxrRiclEjgVLBxvpsoFhM6JH3W0TQkAVNOOj19jI+00sN+JHWFgKfq74mUBEqNAk93BgQGat6biP95nQT8CyflYZwAC+lskZ8IDBGe5IB7XDIKYqQJoZLrWzEdEEko6LTyOgR7/uVF0jwt25Vy5fqsWK1lceTQATpEJWSjc1RFNVRHDUTRPXpGr+jNeDJejHfjY9a6ZGQz++gPjM8fZ5STeQ==</latexit>

zK�1
✓ (x)

<latexit sha1_base64="rWZObHPP4qgMgI5XEKWDi6m/z0w=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvJDWGPRI4oUjJvKRQG22ywIbtttmd2qEhl/ixYPGePWnePPfuEAPCr5kkpf3ZjIzL4gF1+A431ZuY3Nreye/W9jbPzgs2kfHLR0lirImjUSkOgHRTHDJmsBBsE6sGAkDwdrB+Hbutx+Z0jyS9zCJmReSoeQDTgkYybeLU78HIwbkIXVn5acL3y45FWcBvE7cjJRQhoZvf/X6EU1CJoEKonXXdWLwUqKAU8FmhV6iWUzomAxZ11BJQqa9dHH4DJ8bpY8HkTIlAS/U3xMpCbWehIHpDAmM9Ko3F//zugkMbryUyzgBJuly0SARGCI8TwH3uWIUxMQQQhU3t2I6IopQMFkVTAju6svrpHVZcauV6t1VqVbP4sijU3SGyshF16iG6qiBmoiiBD2jV/RmTa0X6936WLbmrGzmBP2B9fkDXHqS7Q==</latexit>

z1✓(x)<latexit sha1_base64="01kXZ1RyFsvG1VqQNayNCeJczzQ=">AAACHnicbVDLTgIxFO3gC/GFunQzkZi4MKQDDLAkccMSE14JjKRTCjR0HmnvmJDJfIkbf8WNC40xcaV/Y3ksFDxJk5Nzzm1vjxsKrgDjbyO1tb2zu5fezxwcHh2fZE/P2iqIJGUtGohAdl2imOA+awEHwbqhZMRzBeu409u533lgUvHAb8IsZI5Hxj4fcUpAS4Os3RzEcX9xT0+OXSfGeWxju4pvcL5UwEVsa1KulouVatKHCQNyj5NkkM3p3ALmJrFWJIdWaAyyn/1hQCOP+UAFUapn4RCcmEjgVLAk048UCwmdkjHraeoTjyknXqyVmFdaGZqjQOrjg7lQf0/ExFNq5rk66RGYqHVvLv7n9SIYVZ2Y+2EEzKfLh0aRMCEw512ZQy4ZBTHThFDJ9a4mnRBJKOhGM7oEa/3Lm6RdyFvlfPmulKvVV3Wk0QW6RNfIQhVUQ3XUQC1E0SN6Rq/ozXgyXox342MZTRmrmXP0B8bXD1/4nu8=</latexit>

T✓0

<latexit sha1_base64="o1sIpaCDCekPq5k7WDolV9Qm7PU="></latexit>

T✓K�1Initial point

Fixed budget

<latexit sha1_base64="XAH6ArsSJVsfHRnXWZgNYpxsRYc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi1Y1QcNNlBfuANobJdNIOnTyYuRFjqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jxcLrsCyvo2V1bX1jc3CVnF7Z3dv3zw4bKsokZS1aCQi2fWIYoKHrAUcBOvGkpHAE6zjja+nfueeScWj8BbSmDkBGYbc55SAllyz9Oj2YcSA3GXWpPJwiq+w5Zplq2rNgJeJnZMyytF0za/+IKJJwEKggijVs60YnIxI4FSwSbGfKBYTOiZD1tM0JAFTTjY7foJPtDLAfiR1hYBn6u+JjARKpYGnOwMCI7XoTcX/vF4C/qWT8TBOgIV0vshPBIYIT5PAAy4ZBZFqQqjk+lZMR0QSCjqvog7BXnx5mbTPqnatWrs5L9cbeRwFdISOUQXZ6ALVUQM1UQtRlKJn9IrejCfjxXg3PuatK0Y+U0J/YHz+AA0uk8E=</latexit>

z0✓(x) = 0



Learning the algorithm hyperparameters framework
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Learned hyperparameters
shared across problem instances
differ across iterations

Optimize    with 

gradient-based methods

<latexit sha1_base64="nwAxv0Nx6K0cW1D/h9lbF1pEgNU=">AAAB73icjVDLSgNBEOz1GeMr6tHLYCJ4CpscoseAlxwjmAckS5id9CZDZmfXmV4hLPkJLx4U8ervePNv3DwOKgoWNBRV3XR3+bGSllz3w1lb39jc2s7t5Hf39g8OC0fHbRslRmBLRCoyXZ9bVFJjiyQp7MYGeegr7PiT67nfuUdjZaRvaRqjF/KRloEUnDKpW+rTGImXBoVipewuwP4mRVihOSi894eRSELUJBS3tldxY/JSbkgKhbN8P7EYczHhI+xlVPMQrZcu7p2x80wZsiAyWWliC/XrRMpDa6ehn3WGnMb2pzcXf/N6CQVXXip1nBBqsVwUJIpRxObPs6E0KEhNM8KFkdmtTIy54YKyiPL/C6FdLVdq5dpNtVhvrOLIwSmcwQVU4BLq0IAmtECAggd4gmfnznl0XpzXZeuas5o5gW9w3j4BZ5ePlg==</latexit>

✓

<latexit sha1_base64="0sfwDjoNfOP6JdSl1l93MH1Z6rk=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEitCAlEaluhIKbrqSCvUCThsl00g6dXJiZiDVk58ZXceNCEbe+gjvfxknbhbb+MPDxn3M4c343YlRIw/jWckvLK6tr+fXCxubW9o6+u9cSYcwxaeKQhbzjIkEYDUhTUslIJ+IE+S4jbXd0ldXbd4QLGga3chwR20eDgHoUI6ksRz+0ktK9Q08eepaQiGdcLlupk9BLM+1dO3rRqBgTwUUwZ1AEMzUc/cvqhzj2SSAxQ0J0TSOSdoK4pJiRtGDFgkQIj9CAdBUGyCfCTiZ3pPBYOX3ohVy9QMKJ+3siQb4QY99VnT6SQzFfy8z/at1Yehd2QoMoliTA00VezKAMYRYK7FNOsGRjBQhzqv4K8RBxhKWKrqBCMOdPXoTWacWsVqo3Z8VafRZHHhyAI1ACJjgHNVAHDdAEGDyCZ/AK3rQn7UV71z6mrTltNrMP/kj7/AHUIJiu</latexit>

{(xi, z
?(xi))}Ni=1

<latexit sha1_base64="49r3BWwFL+/jb42ivmOyYxahtgc=">AAACDHicbVC7SgNBFJ2NrxhfUUubwUSwCrspolgFbFJJBPOAJITZ2ZtkyOzsMnM3EEI+wMZfsbFQxNYPsPNvnDwKTTwwcDjnXO7c48dSGHTdbye1sbm1vZPezeztHxweZY9P6iZKNIcaj2Skmz4zIIWCGgqU0Iw1sNCX0PCHtzO/MQJtRKQecBxDJ2R9JXqCM7RSN5ur6mgkAgho/i5P223UTCih+lQog0xxMDfUptyCOwddJ96S5MgS1W72qx1EPAlBIZfMmJbnxtiZMI2CS5hm2omBmPEh60PLUsVCMJ3J/JgpvbBKQHuRtk8hnau/JyYsNGYc+jYZMhyYVW8m/ue1EuxddyZCxQmC4otFvURSjOisGRoIDRzl2BLGtbB/pXzANONo+8vYErzVk9dJvVjwSoXSfTFXrizrSJMzck4uiUeuSJlUSJXUCCeP5Jm8kjfnyXlx3p2PRTTlLGdOyR84nz88n5qB</latexit>

Provided N
training instances:

Loss

<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

Optimizer

<latexit sha1_base64="fD+KxhlU9M+IEJrByhbSNYy30Bw="></latexit>. . .

Parameter

<latexit sha1_base64="nXLONeDKBbV5jX3EkvCwrH1e3JY=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSQi1WPBS8FLBfsBbSyb7aZdutnE3Umxlv4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzz48F1+g439bK6tr6xmZmK7u9s7u3nzs4rOsoUZTVaCQi1fSJZoJLVkOOgjVjxUjoC9bwB9dTvzFkSvNI3uEoZl5IepIHnBI0kvfUaWOfIbm/KTyedXJ5p+jMYC8TNyV5SFHt5L7a3YgmIZNIBdG65ToxemOikFPBJtl2ollM6ID0WMtQSUKmvfHs6Il9apSuHUTKlER7pv6eGJNQ61Hom86QYF8velPxP6+VYHDljbmME2SSzhcFibAxsqcJ2F2uGEUxMoRQxc2tNu0TRSianLImBHfx5WVSPy+6pWLp9iJfrqRxZOAYTqAALlxCGSpQhRpQeIBneIU3a2i9WO/Wx7x1xUpnjuAPrM8fPyKRyg==</latexit>

zK✓ (x)
<latexit sha1_base64="rzKP+8zxTP9CS+KDSai4QZEJvDw=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIB8OuSPQY8BLwEsE8IFmX2clsMmT2wUyvGtd8ihcPinj1S7z5N06SPWhiQUNR1U13lxcLrsCyvo2l5ZXVtfXcRn5za3tn1yzsNVWUSMoaNBKRbHtEMcFD1gAOgrVjyUjgCdbyhpcTv3XHpOJReAOjmDkB6Yfc55SAllyz8Oh2YcCA3KZXJ/a49HDsmkWrbE2BF4mdkSLKUHfNr24voknAQqCCKNWxrRiclEjgVLBxvpsoFhM6JH3W0TQkAVNOOj19jI+00sN+JHWFgKfq74mUBEqNAk93BgQGat6biP95nQT8CyflYZwAC+lskZ8IDBGe5IB7XDIKYqQJoZLrWzEdEEko6LTyOgR7/uVF0jwt25Vy5fqsWK1lceTQATpEJWSjc1RFNVRHDUTRPXpGr+jNeDJejHfjY9a6ZGQz++gPjM8fZ5STeQ==</latexit>

zK�1
✓ (x)

<latexit sha1_base64="rWZObHPP4qgMgI5XEKWDi6m/z0w=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITvJDWGPRI4oUjJvKRQG22ywIbtttmd2qEhl/ixYPGePWnePPfuEAPCr5kkpf3ZjIzL4gF1+A431ZuY3Nreye/W9jbPzgs2kfHLR0lirImjUSkOgHRTHDJmsBBsE6sGAkDwdrB+Hbutx+Z0jyS9zCJmReSoeQDTgkYybeLU78HIwbkIXVn5acL3y45FWcBvE7cjJRQhoZvf/X6EU1CJoEKonXXdWLwUqKAU8FmhV6iWUzomAxZ11BJQqa9dHH4DJ8bpY8HkTIlAS/U3xMpCbWehIHpDAmM9Ko3F//zugkMbryUyzgBJuly0SARGCI8TwH3uWIUxMQQQhU3t2I6IopQMFkVTAju6svrpHVZcauV6t1VqVbP4sijU3SGyshF16iG6qiBmoiiBD2jV/RmTa0X6936WLbmrGzmBP2B9fkDXHqS7Q==</latexit>

z1✓(x)<latexit sha1_base64="01kXZ1RyFsvG1VqQNayNCeJczzQ=">AAACHnicbVDLTgIxFO3gC/GFunQzkZi4MKQDDLAkccMSE14JjKRTCjR0HmnvmJDJfIkbf8WNC40xcaV/Y3ksFDxJk5Nzzm1vjxsKrgDjbyO1tb2zu5fezxwcHh2fZE/P2iqIJGUtGohAdl2imOA+awEHwbqhZMRzBeu409u533lgUvHAb8IsZI5Hxj4fcUpAS4Os3RzEcX9xT0+OXSfGeWxju4pvcL5UwEVsa1KulouVatKHCQNyj5NkkM3p3ALmJrFWJIdWaAyyn/1hQCOP+UAFUapn4RCcmEjgVLAk048UCwmdkjHraeoTjyknXqyVmFdaGZqjQOrjg7lQf0/ExFNq5rk66RGYqHVvLv7n9SIYVZ2Y+2EEzKfLh0aRMCEw512ZQy4ZBTHThFDJ9a4mnRBJKOhGM7oEa/3Lm6RdyFvlfPmulKvVV3Wk0QW6RNfIQhVUQ3XUQC1E0SN6Rq/ozXgyXox342MZTRmrmXP0B8bXD1/4nu8=</latexit>

T✓0

<latexit sha1_base64="o1sIpaCDCekPq5k7WDolV9Qm7PU="></latexit>

T✓K�1Initial point

<latexit sha1_base64="XAH6ArsSJVsfHRnXWZgNYpxsRYc=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi1Y1QcNNlBfuANobJdNIOnTyYuRFjqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jxcLrsCyvo2V1bX1jc3CVnF7Z3dv3zw4bKsokZS1aCQi2fWIYoKHrAUcBOvGkpHAE6zjja+nfueeScWj8BbSmDkBGYbc55SAllyz9Oj2YcSA3GXWpPJwiq+w5Zplq2rNgJeJnZMyytF0za/+IKJJwEKggijVs60YnIxI4FSwSbGfKBYTOiZD1tM0JAFTTjY7foJPtDLAfiR1hYBn6u+JjARKpYGnOwMCI7XoTcX/vF4C/qWT8TBOgIV0vshPBIYIT5PAAy4ZBZFqQqjk+lZMR0QSCjqvog7BXnx5mbTPqnatWrs5L9cbeRwFdISOUQXZ6ALVUQM1UQtRlKJn9IrejCfjxXg3PuatK0Y+U0J/YHz+AA0uk8E=</latexit>

z0✓(x) = 0

Training problem
<latexit sha1_base64="MSURO2HDvbp3tkzjc8e6ReEbu9g="></latexit>

minimize (1/N)
PN

i=1 kzK✓ (xi)� z?(xi)k22
subject to zk+1

✓ (xi) = T✓k(zk✓ (xi))
z0✓(xi) = 0



Learning step sizes for non-negative least squares

11

SolutionParameter <latexit sha1_base64="hgNppUKWgpZcDncH3FkbOOGkehI=">AAACHHicbZDLSsNAFIYnXmu9RV26CRahQgmJlrbuCm66rGAvkMQymU7aoZMLMxOxhjyIG1/FjQtF3LgQfBunbQraemDg5/vPmTnzuxElXBjGt7Kyura+sZnbym/v7O7tqweHbR7GDOEWCmnIui7kmJIAtwQRFHcjhqHvUtxxR1cTv3OHGSdhcCPGEXZ8OAiIRxAUEvXUi8SeXmKxgeskhm5Mq2To5WrZvKyV5iR9uLW5gKx4f5b21MIca8vCzEQBZNXsqZ92P0SxjwOBKOTcMo1IOAlkgiCK07wdcxxBNIIDbEkZQB9zJ5nulWqnkvQ1L2TyBEKb0t8TCfQ5H/uu7PShGPJFbwL/86xYeDUnIUEUCxyg2UNeTDURapOktD5hGAk6lgIiRuSuGhpCBpGQeeZlCObil5dF+1w3K3rlulyoN7I4cuAYnIAiMEEV1EEDNEELIPAInsEreFOelBflXfmYta4o2cwR+FPK1w87pZ3C</latexit>

z?(x)<latexit sha1_base64="Zfip48Vaa7HqViKfKWYm/I37YVU=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQkdIOnR4HXnac4D6gKyPN0i0sTUuSiqP0P3jxr3jxoIhXL978N2ZbFd18IPDked73zZvHjxmVyrY/jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PriZ++5YISSN+o8Yx8UI04DSgGCkt9cyTtDsd4oqB76W2Va3YFef81LbsKX5Idpf1zPL3DS4SJydlkKPRMz+6/QgnIeEKMySl69ix8lIkFMWMZKVuIkmM8AgNiKspRyGRXjpdJ4NHWunDIBL6cAWn6u+OFIVSjkNfV4ZIDeW8NxH/89xEBZdeSnmcKMLx7KEgYVBFcBIQ7FNBsGJjTRAWVO8K8RAJhJWOsaRDcOa/vEhaFcupWtXrs3KtnsdRBAfgEBwDB1yAGqiDBmgCDO7BI3gGL8aD8WS8Gm+z0oKR9+yDPzDevwBuVpoY</latexit>x

<latexit sha1_base64="rpOhcGnAREqa/Wt5BnSisxHNmCo="></latexit>

minimize (1/2)kAz � xk22
subject to z � 0
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We learn long steps!
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Threshold to 

guarantee convergence 

for constant step size

<latexit sha1_base64="Tbiv2BEh0U2gV140T6onT2NoLIc=">AAACF3icbVBLSwMxGMz6rPW16tFLsAgeZN1t7dZjwUsPHirYB2yXkk3TNjT7IMkKZdl/4cW/4sWDIl715r8x3a6grQOBYWa+5Mt4EaNCmuaXtrK6tr6xWdgqbu/s7u3rB4dtEcYckxYOWci7HhKE0YC0JJWMdCNOkO8x0vEm1zO/c0+4oGFwJ6cRcX00CuiQYiSV1NeNpJdd4vCR5yaWYWY4N43KpWXZFUXsWsWqVtMyvIA3aV8vmXkGLpOf8RLI0ezrn71BiGOfBBIzJIRjmZF0E8QlxYykxV4sSITwBI2Io2iAfCLcJFsphadKGcBhyNUJJMzU3xMJ8oWY+p5K+kiOxaI3E//znFgOr9yEBlEsSYDnDw1jBmUIZyXBAeUESzZVBGFO1a4QjxFHWKoqi6oEa/HLy6RdNizbsG/LpXojr6MAjsEJOAMWqIE6aIAmaAEMHsATeAGv2qP2rL1p7/PoipbPHIE/0D6+AQ/dmtE=</latexit>

2 / L



An extension: we can also learn momentum sizes
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<latexit sha1_base64="7igH6PTDpaEnRaCEtzE745/c32M="></latexit>

proxg(v) = argmin
u

g(u) + (1/2)ku� vk22
Proximal operator

Nesterov’s acceleration

<latexit sha1_base64="/tZR1vdBtUfxSZKouqlOM7PDGhY="></latexit>

✓k = (↵k,�k)Learn

<latexit sha1_base64="8KQ2nwdOY5zyKGbmVCQj6/tV188="></latexit>

zk+1(x) = yk+1(x) + �k(yk+1(x)� yk(x))

<latexit sha1_base64="iV2NyTy+ONne1NgXsAQM2hC4hqI="></latexit>

yk+1(x) = prox↵kg(z
k(x)� ↵krf(zk(x), x))

Beck and Teboulle 2009

<latexit sha1_base64="9W9c+LkxeBibWnbMG5RljQ9NWtU="></latexit>

minimize f(z, x) + g(z, x)

Convex, smooth Convex

Composite convex optimization



Example: learned hyperparameters for sparse coding
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Signal reconstruction Reconstructed 

signalParameter <latexit sha1_base64="N+m26pbYBpLqyZe3u3zNqXuKxTM="></latexit>

minimize (1/2)kAz � xk22 + �kzk1 <latexit sha1_base64="hgNppUKWgpZcDncH3FkbOOGkehI=">AAACHHicbZDLSsNAFIYnXmu9RV26CRahQgmJlrbuCm66rGAvkMQymU7aoZMLMxOxhjyIG1/FjQtF3LgQfBunbQraemDg5/vPmTnzuxElXBjGt7Kyura+sZnbym/v7O7tqweHbR7GDOEWCmnIui7kmJIAtwQRFHcjhqHvUtxxR1cTv3OHGSdhcCPGEXZ8OAiIRxAUEvXUi8SeXmKxgeskhm5Mq2To5WrZvKyV5iR9uLW5gKx4f5b21MIca8vCzEQBZNXsqZ92P0SxjwOBKOTcMo1IOAlkgiCK07wdcxxBNIIDbEkZQB9zJ5nulWqnkvQ1L2TyBEKb0t8TCfQ5H/uu7PShGPJFbwL/86xYeDUnIUEUCxyg2UNeTDURapOktD5hGAk6lgIiRuSuGhpCBpGQeeZlCObil5dF+1w3K3rlulyoN7I4cuAYnIAiMEEV1EEDNEELIPAInsEreFOelBflXfmYta4o2cwR+FPK1w87pZ3C</latexit>

z?(x)<latexit sha1_base64="Zfip48Vaa7HqViKfKWYm/I37YVU=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQkdIOnR4HXnac4D6gKyPN0i0sTUuSiqP0P3jxr3jxoIhXL978N2ZbFd18IPDked73zZvHjxmVyrY/jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PriZ++5YISSN+o8Yx8UI04DSgGCkt9cyTtDsd4oqB76W2Va3YFef81LbsKX5Idpf1zPL3DS4SJydlkKPRMz+6/QgnIeEKMySl69ix8lIkFMWMZKVuIkmM8AgNiKspRyGRXjpdJ4NHWunDIBL6cAWn6u+OFIVSjkNfV4ZIDeW8NxH/89xEBZdeSnmcKMLx7KEgYVBFcBIQ7FNBsGJjTRAWVO8K8RAJhJWOsaRDcOa/vEhaFcupWtXrs3KtnsdRBAfgEBwDB1yAGqiDBmgCDO7BI3gGL8aD8WS8Gm+z0oKR9+yDPzDevwBuVpoY</latexit>x
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Learning momentum steps 

can sometimes help significantly

Yet, we’ve sacrificed wBut what about 

worst-case guarantees?



This approach lacks worst-case guarantees
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Reconstructed 

signalParameter <latexit sha1_base64="N+m26pbYBpLqyZe3u3zNqXuKxTM="></latexit>

minimize (1/2)kAz � xk22 + �kzk1 <latexit sha1_base64="hgNppUKWgpZcDncH3FkbOOGkehI=">AAACHHicbZDLSsNAFIYnXmu9RV26CRahQgmJlrbuCm66rGAvkMQymU7aoZMLMxOxhjyIG1/FjQtF3LgQfBunbQraemDg5/vPmTnzuxElXBjGt7Kyura+sZnbym/v7O7tqweHbR7GDOEWCmnIui7kmJIAtwQRFHcjhqHvUtxxR1cTv3OHGSdhcCPGEXZ8OAiIRxAUEvXUi8SeXmKxgeskhm5Mq2To5WrZvKyV5iR9uLW5gKx4f5b21MIca8vCzEQBZNXsqZ92P0SxjwOBKOTcMo1IOAlkgiCK07wdcxxBNIIDbEkZQB9zJ5nulWqnkvQ1L2TyBEKb0t8TCfQ5H/uu7PShGPJFbwL/86xYeDUnIUEUCxyg2UNeTDURapOktD5hGAk6lgIiRuSuGhpCBpGQeeZlCObil5dF+1w3K3rlulyoN7I4cuAYnIAiMEEV1EEDNEELIPAInsEreFOelBflXfmYta4o2cwR+FPK1w87pZ3C</latexit>

z?(x)<latexit sha1_base64="Zfip48Vaa7HqViKfKWYm/I37YVU=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQkdIOnR4HXnac4D6gKyPN0i0sTUuSiqP0P3jxr3jxoIhXL978N2ZbFd18IPDked73zZvHjxmVyrY/jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PriZ++5YISSN+o8Yx8UI04DSgGCkt9cyTtDsd4oqB76W2Va3YFef81LbsKX5Idpf1zPL3DS4SJydlkKPRMz+6/QgnIeEKMySl69ix8lIkFMWMZKVuIkmM8AgNiKspRyGRXjpdJ4NHWunDIBL6cAWn6u+OFIVSjkNfV4ZIDeW8NxH/89xEBZdeSnmcKMLx7KEgYVBFcBIQ7FNBsGJjTRAWVO8K8RAJhJWOsaRDcOa/vEhaFcupWtXrs3KtnsdRBAfgEBwDB1yAGqiDBmgCDO7BI3gGL8aD8WS8Gm+z0oKR9+yDPzDevwBuVpoY</latexit>x

Signal reconstruction

Can we learn hyperparameters 
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Can we learn hyperparameters that are robust?

17

A provided set of interest

A strong form of robustness—worst-case guarantees for all parameters in a set
<latexit sha1_base64="Kf2TVqsGeusngvQyBwWgP2vpkJ4="></latexit>

r(zK✓ (x), x)  �(✓)kz0(x)� z?(x)k2 8x 2 X

<latexit sha1_base64="9bul3N28VN9waIbFOY+u/uwB9aQ=">AAACHXicbVBLS8NAGNz4rPUV9eglWAQPJSQS2noreOmxgn1AEspmu2mXbh7sboQS8ke8+Fe8eFDEgxfx37hJU9DWgYVh5vt2Z8eLKeHCML6Vjc2t7Z3dyl51/+Dw6Fg9Oe3zKGEI91BEIzb0IMeUhLgniKB4GDMMA4/igTe7zf3BA2acROG9mMfYDeAkJD5BUEhppFqpU1xis4nnpoZuFKgbutW0zJtWfalkTgDFFEGaDrNspNaWurZOzJLUQInuSP10xhFKAhwKRCHntmnEwk0hEwRRnFWdhOMYohmcYFvSEAaYu2kRLNMupTLW/IjJEwqtUH9vpDDgfB54cjLPyFe9XPzPsxPht9yUhHEicIgWD/kJ1USk5VVpY8IwEnQuCUSMyKwamkIGkZCFVmUJ5uqX10n/WjcbeuPOqrU7ZR0VcA4uwBUwQRO0QQd0QQ8g8AiewSt4U56UF+Vd+ViMbijlzhn4A+XrB6o6nps=</latexit>X

But how can we
evaluate ?

<latexit sha1_base64="tz6031fyprR6I+H2r/xQY9v2BpQ=">AAACIHicbVDLSgMxFM3Ud31VXboZLEIFKTNFW5cFNy4rWFvoDOVOmrahycyQ3BHK0E9x46+4caGI7vRrTB++qgcCh3POTW5OEAuu0XHerMzC4tLyyupadn1jc2s7t7N7raNEUVankYhUMwDNBA9ZHTkK1owVAxkI1ggG52O/ccOU5lF4hcOY+RJ6Ie9yCmikdq6SepNLWqoX+KlTLJecknt67BSdCb7IyOuBlFDwsM8QjkbtXP4zbH9mvok7I3kyQ62de/U6EU0kC5EK0LrlOjH6KSjkVLBR1ks0i4EOoMdahoYgmfbTyW4j+9AoHbsbKXNCtCfqz4kUpNZDGZikBOzreW8s/ue1Euye+SkP4wRZSKcPdRNhY2SP27I7XDGKYmgIUMXNrjbtgwKKptOsKcGd//Jfcl0quuVi+fIkX72Y1bFK9skBKRCXVEiVXJAaqRNKbsk9eSRP1p31YD1bL9NoxprN7JFfsN4/ADEzn1Q=</latexit>

�(✓)

Level of 

robustness

Ideally, learn  as before 
<latexit sha1_base64="a5E3DzEUofH9uYASiVdSFA8u9kk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseClx4r2A9oQ9lsN+3azSbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFK7T6OOdJBueJW3QXIOvFyUoEczUH5qz+MWRpxhUxSY3qem6CfUY2CST4r9VPDE8omdMR7lioaceNni2tn5MIqQxLG2pZCslB/T2Q0MmYaBbYzojg2q95c/M/rpRje+plQSYpcseWiMJUEYzJ/nQyF5gzl1BLKtLC3EjammjK0AZVsCN7qy+ukfVX1atXa/XWl3sjjKMIZnMMleHADdWhAE1rA4BGe4RXenNh5cd6dj2VrwclnTuEPnM8fqVePOQ==</latexit>

✓
but constrain 

<latexit sha1_base64="NU/JVguBj3q3jWJ82Y2l+4t8p84="></latexit>

�(✓)  �target

Performance metric: e.g.,
<latexit sha1_base64="yiJlmxYzpSzqIr1PdtKBTImaG/0=">AAACIXicbZBNS0JBFIbn2rd9WS3bDGmgUHKvi2oTCG2ENgZZglcvc8dRB+d+MHNuqDf/Spv+SpsWRbSL/kyj3UVqLww8vOcczpzXDQVXYJpfRmppeWV1bX0jvbm1vbOb2du/U0EkKavRQASy7hLFBPdZDTgIVg8lI54r2L3bv5rU7x+YVDzwb2EYsqZHuj7vcEpAW07mIifzI8eGHgPSus4PCieDAr7E9uOMeYpHLVsBkZrtx1bJKeWcTNYsmlPhRbASyKJEVSfzabcDGnnMByqIUg3LDKEZEwmcCjZO25FiIaF90mUNjT7xmGrG0wvH+Fg7bdwJpH4+4Kn7dyImnlJDz9WdHoGemq9NzP9qjQg6F82Y+2EEzKe/izqRwBDgSVy4zSWjIIYaCJVc/xXTHpGEgg41rUOw5k9ehLtS0Tornt2UsuVKEsc6OkRHKI8sdI7KqIKqqIYoekIv6A29G8/Gq/FhfP62poxk5gDNyPj+AbEroWU=</latexit>

r(zK✓ (x), x) = kzK✓ (x)� z?(x)k22
<latexit sha1_base64="Jzww7yMSiIuhsrMRy63t7sQphM0=">AAACJnicbZDLSsNAFIYn9V5vVZduBlshgpbEhbopCG4K3VSwF2hjmEwndnByYeZEbEOfxo2v4sZFRcSdj+K0zUKtPwz8fOcczpzfiwVXYFmfRm5hcWl5ZXUtv76xubVd2NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOXdX03qrQcmFY/CGxjEzAnIXch9Tglo5BYqJWkO3S70GZDbmvl4dPx4hCvYN4e3tQxPINb0ZEq7CojMUMktFK2yNRWeN3ZmiihT3S2Mu72IJgELgQqiVMe2YnBSIoFTwUb5bqJYTOg9uWMdbUMSMOWk0zNH+FCTHvYjqV8IeEp/TqQkUGoQeLozINBXf2sT+F+tk4B/4aQ8jBNgIZ0t8hOBIcKTzHCPS0ZBDLQhVHL9V0z7RBIKOtm8DsH+e/K8aZ6W7bPy2fVp8bKaxbGK9tEBMpGNztElqqI6aiCKntALGqM349l4Nd6Nj1lrzshm9tAvGV/fGT6h3A==</latexit>

r(zK✓ (x), x) = f(zK✓ (x), x)� f(z?(x), x)



Certified robustness for all parameters in a set
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Definition:

Can leverage Performance 

Estimation Problem Analysis

Worst-case guarantees over function 

class imply worst-case guarantees over set

<latexit sha1_base64="UJXpficDn5CZydNR+OmUJ+xjYRY="></latexit>

(f,X ) is Fµ,L-parametrized if f(·, x) 2 Fµ,L 8x 2 X
<latexit sha1_base64="PmzfkoH5+2X/wg4JUpnY4HUWGh4="></latexit>

µ-strongly convex, L-smooth

<latexit sha1_base64="2WurLhUETkzv4+sE/7zzxVc2+b4=">AAACC3icbVA9TwJBEN3DL8Qv1NJmA5pYkTsKtITYUGICSIJI5pY53Li7d9ndIxJCb+NfsbHQGFv/gJ3/xgUp/HrJJC/vzWRmXpgIbqzvf3iZpeWV1bXsem5jc2t7J7+71zZxqhm2WCxi3QnBoOAKW5ZbgZ1EI8hQ4EV4czbzL0aoDY9V044T7EkYKh5xBtZJ/XxBckVBDaiEW4p8iGoEIkVD44ge1q6atHbYzxf9kj8H/UuCBSmSBRr9/PvlIGapRGWZAGO6gZ/Y3gS05UzgNHeZGkyA3cAQu44qkGh6k/kvU3rklAGNYu1KWTpXv09MQBozlqHrlGCvzW9vJv7ndVMbnfYmXCWpRcW+FkWpoDams2DogGtkVowdAaa5u5Wya9DArIsv50IIfr/8l7TLpaBSqpyXi9X6Io4sOSAFckwCckKqpE4apEUYuSMP5Ik8e/feo/fivX61ZrzFzD75Ae/tE4ZNmXQ=</latexit>

min and max eigenvalues of ATA

<latexit sha1_base64="F1g38TZS/+1d7QcKGys9dJiLciE="></latexit>

(f,X ) is Fµ,L-parametrized

<latexit sha1_base64="aMnRJExMA9JPVrF7lu6TXxZXukg="></latexit>

(g,X ) is F0,1-parametrized

Example: <latexit sha1_base64="ixsABGbxvi+YsP4s07iMhinvGeI=">AAACBHicbVC7TsMwFHV4lvIKMHaxaJGYqqRDYUGqxNKxIPqQ2lA5jtNadZzIdpCqKAMLv8LCAEKsfAQbf4OTZoCWI1k6Pude3XuPGzEqlWV9G2vrG5tb26Wd8u7e/sGheXTck2EsMOnikIVi4CJJGOWkq6hiZBAJggKXkb47u878/gMRkob8Ts0j4gRowqlPMVJaGpuV2ihAaooRSwbpFcw/rp/cpvdebWxWrbqVA64SuyBVUKAzNr9GXojjgHCFGZJyaFuRchIkFMWMpOVRLEmE8AxNyFBTjgIinSQ/IoVnWvGgHwr9uIK5+rsjQYGU88DVldmSctnLxP+8Yaz8SyehPIoV4XgxyI8ZVCHMEoEeFQQrNtcEYUH1rhBPkUBY6dzKOgR7+eRV0mvU7Wa9edOottpFHCVQAafgHNjgArRAG3RAF2DwCJ7BK3gznowX4934WJSuGUXPCfgD4/MHIreXzQ==</latexit>

X = Rd

<latexit sha1_base64="BQHM0AOsub+7FB/3ICy452GKXCM=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJUkLIrUj0WvPRYwX5Au5Rsmm1js8mSZMW69D948aCIV/+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupn6rQeqNJPizoxj6kd4IFjICDZWaoalp/PHs16h6JbdGdAy8TJShAz1XuGr25ckiagwhGOtO54bGz/FyjDC6STfTTSNMRnhAe1YKnBEtZ/Orp2gU6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeG1nzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgPI2BG/x5WXSvCh7lXLl9rJYrWVx5OAYTqAEHlxBFWpQhwYQuIdneIU3RzovzrvzMW9dcbKZI/gD5/MHuh6OnA==</latexit>

f(z, x)

<latexit sha1_base64="PCBZnLFTYwJ9fGLYHfRXzPREutY="></latexit>

minimize (1/2)kAz � xk22| {z }+�kzk1| {z }
<latexit sha1_base64="+9HQPPa11694JXbzuYnqfaZY22g=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJUkLIrUj0WvPRYwX5Au5Rsmm1js8mSZMW69D948aCIV/+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywupn6rQeqNJPizoxj6kd4IFjICDZWag5KT+ePZ71C0S27M6Bl4mWkCBnqvcJXty9JElFhCMdadzw3Nn6KlWGE00m+m2gaYzLCA9qxVOCIaj+dXTtBp1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxAeVtCN7iy8ukeVH2KuXK7WWxWsviyMExnEAJPLiCKtSgDg0gcA/P8ApvjnRenHfnY9664mQzR/AHzucPu6eOnQ==</latexit>

g(z, x)



The Performance Estimation Problem (PEP) Framework can help us
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Solve an SDP to evaluate

<latexit sha1_base64="bHMRZ4auW2uOjXubq0z9fi+smFs=">AAACIHicjVDLSsNAFJ3UV62vqks3wSJUkNKKtC4LbrqsYB+QhHIznaRDZ5IwcyOU0E9x46+4caGI7vRrTNMKPsEDFw7n3BfHjQTXWK2+Grml5ZXVtfx6YWNza3unuLvX1WGsKOvQUISq74JmggesgxwF60eKgXQF67nji5nfu2ZK8zC4wknEHAl+wD1OAVNpUGwkdrbEUr7rJLVKNcPJDzK1fZASyjaOGMLxdFAsfVjm36REFmgPii/2MKSxZAFSAVpbtWqETgIKORVsWrBjzSKgY/CZldIAJNNOkv02NY9SZWh6oUorQDNTP08kILWeSDftlIAj/d2bib95VozeuZPwIIqRBXR+yIuFiaE5S8sccsUoiklKgCqe/mrSESigmGZa+F8I3dNKrV6pX56Vmq1FHHlyQA5JmdRIgzRJi7RJh1ByQ+7IA3k0bo1748l4nrfmjMXMPvkC4+0dCD6fOg==</latexit>

�(✓) But how can we train for robustness?

<latexit sha1_base64="ywvaW6h7pvq+wp394xpUmX1f3uM="></latexit>

maximize (performance metric) r(zK)
subject to (initial point) z0 = y0, kz0 � z?k22  1

(optimality) rf(z?) + @g(z?) = 0
(algorithm update) yk+1 = prox↵kg(z

k � ↵krf(zk))
zk+1 = yk+1 + �k(yk+1 � yk)

(function class) f 2 Fµ,L, g 2 F0,1.

<latexit sha1_base64="s7xhRaMJM3xc6b4N0r4/i/IqxkM=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCSxocREPhK4kL1lgQ17e+funAm58CdsLDTG1r9j579xgSsUfMkkL+/NZGZeEEth0HW/ndzW9s7uXn6/cHB4dHxSPD1rmyjRjLdYJCPdDajhUijeQoGSd2PNaRhI3gmmdwu/88S1EZF6wFnM/ZCOlRgJRtFK3XIfJxxpeVAsuRV3CbJJvIyUIENzUPzqDyOWhFwhk9SYnufG6KdUo2CSzwv9xPCYsikd856liobc+Ony3jm5ssqQjCJtSyFZqr8nUhoaMwsD2xlSnJh1byH+5/USHN36qVBxglyx1aJRIglGZPE8GQrNGcqZJZRpYW8lbEI1ZWgjKtgQvPWXN0m7WvFqldp9tVRvZHHk4QIu4Ro8uIE6NKAJLWAg4Rle4c15dF6cd+dj1Zpzsplz+APn8wdjMo+T</latexit>

✓

PEP: Tight convex SDP 

formulation using gram matrix 

<latexit sha1_base64="ZsyKiJl8J9g03J2bqHXL9ioxSMA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD+aYgHlAsoTZSScZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1M7uZ++wmV5pF8MNMY/ZCOJB9yRo2VGvf9YsktuwuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhrZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10roqe5VypXFdqtayOPJwBudwCR7cQBVqUIcmMEB4hld4cx6dF+fd+Vi25pxs5hT+wPn8AaFVjNw=</latexit>

G
Drori, Teboulle, Hendrickx, Glineur, Taylor, Ryu, Grimmer, and many more

<latexit sha1_base64="Hxfvzur6peLx7JU7fjEGqUNKRPI="></latexit>

maximize tr(A0G)
subject to tr(Ai(✓)G)  bi, i = 1, . . . ,m

G ⌫ 0

Level of 

robustness

<latexit sha1_base64="tz6031fyprR6I+H2r/xQY9v2BpQ=">AAACIHicbVDLSgMxFM3Ud31VXboZLEIFKTNFW5cFNy4rWFvoDOVOmrahycyQ3BHK0E9x46+4caGI7vRrTB++qgcCh3POTW5OEAuu0XHerMzC4tLyyupadn1jc2s7t7N7raNEUVankYhUMwDNBA9ZHTkK1owVAxkI1ggG52O/ccOU5lF4hcOY+RJ6Ie9yCmikdq6SepNLWqoX+KlTLJecknt67BSdCb7IyOuBlFDwsM8QjkbtXP4zbH9mvok7I3kyQ62de/U6EU0kC5EK0LrlOjH6KSjkVLBR1ks0i4EOoMdahoYgmfbTyW4j+9AoHbsbKXNCtCfqz4kUpNZDGZikBOzreW8s/ue1Euye+SkP4wRZSKcPdRNhY2SP27I7XDGKYmgIUMXNrjbtgwKKptOsKcGd//Jfcl0quuVi+fIkX72Y1bFK9skBKRCXVEiVXJAaqRNKbsk9eSRP1p31YD1bL9NoxprN7JFfsN4/ADEzn1Q=</latexit>

�(✓)



Robust training of hyperparameters
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PEP-regularized training problem
<latexit sha1_base64="C2IZfKn1Y+9tpFTxLoK2x58Ghg4="></latexit>

minimize (1/N)
PN

i=1 `(z
K
✓ (xi), xi) + �((�(✓)� �target)+)2

subject to yk+1
✓ (xi) = prox↵k(zk✓ (xi)� ↵krf(zk✓ (xi), xi))
zk+1
✓ (xi) = yk+1

✓ (xi) + �k(yk+1
✓ (xi)� yk✓ (xi))

z0✓(xi) = 0, y0✓(xi) = 0

Penalty 

formulation

differentiable optimization 

to compute

Amos et. al 2017, Agrawal et. al 2019

<latexit sha1_base64="2NknZBSvZX1yhpxEbQVIoMpuQe4="></latexit>

@�(✓)

@✓

<latexit sha1_base64="RjSW/k67vBddGga1WE08/vWM44o="></latexit>

@�(✓)

@✓
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Learning robust hyperparameters for sparse coding
in-distribution

Signal reconstruction Reconstructed 

signalParameter <latexit sha1_base64="N+m26pbYBpLqyZe3u3zNqXuKxTM="></latexit>

minimize (1/2)kAz � xk22 + �kzk1
<latexit sha1_base64="hgNppUKWgpZcDncH3FkbOOGkehI=">AAACHHicbZDLSsNAFIYnXmu9RV26CRahQgmJlrbuCm66rGAvkMQymU7aoZMLMxOxhjyIG1/FjQtF3LgQfBunbQraemDg5/vPmTnzuxElXBjGt7Kyura+sZnbym/v7O7tqweHbR7GDOEWCmnIui7kmJIAtwQRFHcjhqHvUtxxR1cTv3OHGSdhcCPGEXZ8OAiIRxAUEvXUi8SeXmKxgeskhm5Mq2To5WrZvKyV5iR9uLW5gKx4f5b21MIca8vCzEQBZNXsqZ92P0SxjwOBKOTcMo1IOAlkgiCK07wdcxxBNIIDbEkZQB9zJ5nulWqnkvQ1L2TyBEKb0t8TCfQ5H/uu7PShGPJFbwL/86xYeDUnIUEUCxyg2UNeTDURapOktD5hGAk6lgIiRuSuGhpCBpGQeeZlCObil5dF+1w3K3rlulyoN7I4cuAYnIAiMEEV1EEDNEELIPAInsEreFOelBflXfmYta4o2cwR+FPK1w87pZ3C</latexit>

z?(x)
<latexit sha1_base64="Zfip48Vaa7HqViKfKWYm/I37YVU=">AAACE3icbVBNS8MwGE7n15xfVY9egkMQkdIOnR4HXnac4D6gKyPN0i0sTUuSiqP0P3jxr3jxoIhXL978N2ZbFd18IPDked73zZvHjxmVyrY/jcLS8srqWnG9tLG5tb1j7u61ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PriZ++5YISSN+o8Yx8UI04DSgGCkt9cyTtDsd4oqB76W2Va3YFef81LbsKX5Idpf1zPL3DS4SJydlkKPRMz+6/QgnIeEKMySl69ix8lIkFMWMZKVuIkmM8AgNiKspRyGRXjpdJ4NHWunDIBL6cAWn6u+OFIVSjkNfV4ZIDeW8NxH/89xEBZdeSnmcKMLx7KEgYVBFcBIQ7FNBsGJjTRAWVO8K8RAJhJWOsaRDcOa/vEhaFcupWtXrs3KtnsdRBAfgEBwDB1yAGqiDBmgCDO7BI3gGL8aD8WS8Gm+z0oKR9+yDPzDevwBuVpoY</latexit>x

We can train and 

maintain robustnesss

Guarantee holds for 

any 

<latexit sha1_base64="6nLmEo9ZpEjPHTRgsJuWkCK02uA=">AAACH3icbVDNS8MwHE39nPNr6tFLcAgeZLQi090GXnac4j6grSNN0y0sTUuSiqP0P/Hiv+LFgyLibf+N6TZFNx8EHu/9XvLL82JGpTLNsbG0vLK6tl7YKG5ube/slvb22zJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxhle537knQtKI36pRTNwQ9TkNKEZKS71SNXUml9ii77lppVY7tSrmBD8ke4AO5dAJkRp4QXqT3flZr1Q2ZzZcJN/JMpih2St9On6Ek5BwhRmS0rbMWLkpEopiRrKik0gSIzxEfWJrylFIpJtOVsvgsVZ8GERCH67gRP2dSFEo5Sj09GS+pJz3cvE/z05UcOmmlMeJIhxPHwoSBlUE87KgTwXBio00QVhQvSvEAyQQVrrSoi7Bmv/yImmfVaxqpXp9Xq43ZnUUwCE4AifAAhegDhqgCVoAg0fwDF7Bm/FkvBjvxsd0dMmYZQ7AHxjjLwe3n/E=</latexit>

x 2 Rd

Learned step and 
momentum sizesNesterov

Learned step and 
momentum sizes - robust

<latexit sha1_base64="O5eEI+S+BJGKhe68hbaiwavC5Ow=">AAAB9XicbVBNS8NAEN3Ur1q/qh69BIvgqSQi1YtQ8NJjBfsBTSyb7aZdursJuxMlhP4PLx4U8ep/8ea/cdPmoK0PBh7vzTAzL4g50+A431ZpbX1jc6u8XdnZ3ds/qB4edXWUKEI7JOKR6gdYU84k7QADTvuxolgEnPaC6W3u9x6p0iyS95DG1Bd4LFnICAYjPXhjLAS+8ZgMIa0MqzWn7sxhrxK3IDVUoD2sfnmjiCSCSiAcaz1wnRj8DCtghNNZxUs0jTGZ4jEdGCqxoNrP5lfP7DOjjOwwUqYk2HP190SGhdapCEynwDDRy14u/ucNEgiv/YzJOAEqyWJRmHAbIjuPwB4xRQnw1BBMFDO32mSCFSZggspDcJdfXiXdi7rbqDfuLmvNVhFHGZ2gU3SOXHSFmqiF2qiDCFLoGb2iN+vJerHerY9Fa8kqZo7RH1ifPxAkkkM=</latexit>� = 1<latexit sha1_base64="41VkBToxVayoDCIZ46tbSTTjHqM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh4KXHCvYDmlA22027dHcTdjdCCf0bXjwo4tU/481/46bNQVsfDDzem2FmXphwpo3rfjuljc2t7Z3ybmVv/+DwqHp80tVxqgjtkJjHqh9iTTmTtGOY4bSfKIpFyGkvnN7nfu+JKs1i+WhmCQ0EHksWMYKNlXx/jIXAd27dcyvDas2tuwugdeIVpAYF2sPqlz+KSSqoNIRjrQeem5ggw8owwum84qeaJphM8ZgOLJVYUB1ki5vn6MIqIxTFypY0aKH+nsiw0HomQtspsJnoVS8X//MGqYlug4zJJDVUkuWiKOXIxCgPAI2YosTwmSWYKGZvRWSCFSbGxpSH4K2+vE66V3WvUW88XNearSKOMpzBOVyCBzfQhBa0oQMEEniGV3hzUufFeXc+lq0lp5g5hT9wPn8ACImQaA==</latexit>

� = 0.10
<latexit sha1_base64="VyqaR+1SVE3XfbJKBPgo74JQ3M4=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1QcNNlBfuAzlDupJk2NMkMSUYoQ3/DjQtF3Poz7vwbM+0stPXA5R7OuZfcnDDhTBvX/XZKG5tb2zvl3cre/sHhUfX4pKvjVBHaITGPVT8ETTmTtGOY4bSfKAoi5LQXTu9zv/dElWaxfDSzhAYCxpJFjICxku+PQQi4c+uuVxlWa7YvgNeJV5AaKtAeVr/8UUxSQaUhHLQeeG 5iggyUYYTTecVPNU2ATGFMB5ZKEFQH2eLmOb6wyghHsbIlDV6ovzcyEFrPRGgnBZiJXvVy8T9vkJroNsiYTFJDJVk+FKUcmxjnAeARU5QYPrMEiGL2VkwmoIAYG1Megrf65XXSvap7jXrj4brWbBVxlNEZOkeXyEM3qIlaqI06iKAEPaNX9Oakzovz7nwsR0tOsXOK/sD5/AEIiJBo</latexit>

� = 0.01
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Learning hyperparameters for the 
alternating direction method of 
multipliers (ADMM)
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We learn hyperparameters for accelerated ADMM also
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Stellato et al. 2020

OSQP
O’Donoghue et al. 2016

Two popular ADMM-based solvers

Why time-invariant?
1. Amenable to PEP
2. Computational advantages—reuse matrix factorization

Accelerated Splitting Conic Solver
<latexit sha1_base64="fgjKnJIfi480fqy5GGgp6kdbnS0="></latexit>

solve


P + �I AT

�A ⇢I

�
ũk+1 = zk �


c
b

�

uk+1 = ⇧Rq⇥K⇤(2ũk+1 � zk)

yk+1 = zk + ↵k(uk+1 � ũk+1)

zk+1 = yk+1 + �k(yk+1 � yk)

Time-varying hyperparameters
Time-invariant hyperparameters

<latexit sha1_base64="7dsHG3tYF+lW+9Ucz311ZJlylMA=">AAACIHicbVBLSwMxGMz6rPW16tFLsAgVSsn2fSx46bGCfcDuUrJp2oZmHyRZoSz9KV78K148KKI3/TWm7R60dSAwzMyXfBkv4kwqhL6Mre2d3b39zEH28Oj45NQ8O+/KMBaEdkjIQ9H3sKScBbSjmOK0HwmKfY/Tnje9Xfi9ByokC4N7NYuo6+NxwEaMYKWlgVlPnOUlthh7boKKqIqqDVRAxUoJlVFVk1qjVq435nlHsrGPC9ARk/BmPjBzOrwE3CRWSnIgRXtgfjrDkMQ+DRThWErbQpFyEywUI5zOs04saYTJFI+prWmAfSrdZLnbHF5rZQhHodAnUHCp/p5IsC/lzPd00sdqIte9hfifZ8dq1HATFkSxogFZPTSKOVQhXLQFh0xQovhME0wE07tCMsECE6U7zeoSrPUvb5JuqWjVirW7Sq7ZSuvIgEtwBfLAAnXQBC3QBh1AwCN4Bq/gzXgyXox342MV3TLSmQvwB8b3D71Wnwc=</latexit>

(�, ⇢)

<latexit sha1_base64="uPoiv2+onq3i9vSGG0iw4C/wh2I="></latexit>

(↵k,�k)

<latexit sha1_base64="tdNUd5uDVqRUMF2/lvA3sGlRURM="></latexit>

min (1/2)wTPw + cTw
s.t. Aw + s = b

s 2 K

with x = (P,A, c, b)

Conic problems

Convex cone



Model predictive control of a quadcopter
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Control 

inputs

Current state,

reference trajectory

<latexit sha1_base64="4LduQNd++u5fivxGPMDSDrvmhQk="></latexit>

minimize
PT

t=1 kst � sreft k22
subject to st+1 = Ast +But

st 2 S, ut 2 U
s0 = sinit

With learning, we 

can track the 

trajectory well

Learned accel + robust 

20 iterations

Previous solution

 80 iterations

Nearest neighbor

 80 iterations

Quadratic program



Robust Kalman filtering
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Out-of-distribution Optimal solution
Noisy trajectory

Learning acceleration algorithms w/ 

robustness tracks the optimal solution 

<latexit sha1_base64="eDmr6TNLro6XNxnEinYaD73Cajk="></latexit>

minimize
PT�1

t=0 kwtk22 +  ⇢(vt)
subject to st+1 = Ast +But

yt = Cst + vt

Huber loss
Second-order cone program

In-distribution

No learning
Learned hyperparameters
Learned acceleration + Robust

5 iterations
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Conclusion
Traditional view

One-size fits all
General purpose

New view
Task-specific
Trainable
With guaranteesWith guarantees

Learning to 

optimize

rajivsambharya.github.iosambhar9@seas.upenn.edu

We evaluate and train for robustness using PEP

Only learning the hyperparameter sequence dramatically improves performance

Very low amount of training data needed

Takeaways from this talk specifically

http://rajivsambharya.github.io
mailto:rajivs@princeton.edu

