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Tracking a reference trajectory with a quadcopter

‘f jf Model predictive control
| i optimize over a smaller horizon (T steps),
iImplement first control,
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Success! Failure: not enough time to solve
(If given enough time)

Model predictive controller

minimize >, ||lz; — 233

Current state, » subjectto x4, = Az, + Buy ~ Control
reference trajectory v EX. w €U INnputs

L0 = Linit



Challenge: we need faster methods for optimization

Empirically Guarantees

Claim: real-world optimization is parametric

Parameter Optimal solution

> Z*(e)

minimize  fy(2)
subjectto  gg(2z) <0




Data-Driven Performance Guarantees for
Classical and Learned Optimizers

Parametric setting \/

Faster optimization methods

_Empirical ( Guarantees



A running example: Robust Kalman filtering

0 ={yi}i—
Noisy trajectory

Robust Kalman filtering

Second-order cone program

minimize 32, [lwel|3 + o (0r)
SUbjeCt to Tt41 = A$t + Bw; Vit
Yt — CQ’)t -+ V¢ Vi

Dynamics matrices: A, B

Observation matrix; C
Huber loss: 1,

- {x,wp,vr H o

Recovered trajectory



Worst-case bounds can be very loose

fixed-point residual
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Example: robust Kalman filtering

Second-order cone program
minimize 35, 2" [lwe13 + s, (v0)
subjectto x;.1 = Axy + Bw; Vit

Yy = Coxy + v Vi

SCS empirical average performance
over 1000 parametric problems

-¥-

—4 Worst-case bound

In practice: linear convergence over the parametric family

Worst-case analysis: sublinear convergence

Worst-case bounds do not consider the parametric structure
Our goal: fill this gap with data-driven methods v



Our recipe for guarantees for classical optimizers

algorithm steps tolerance
. /
e(6) = 1(£7(0) > ¢)
\ Any metric

(e.g., fixed-point residual)

Step 1 Step 2 Step 3
Run £ steps Evaluate the empirical risk Bound the risk
for N parametric problems (Next slide)
Parameters Candidate solutions

Run & 1 .
steps Zk(e) N Z e(6;) risk = Eg.xe(f) < bound
II i I i=1



Statistical learning theory can bound the risk

algorithm steps tolerance
~_ /
e(0) = 1(£"(0) > )
\ Any metric

(e.g., fixed-point residual)

Sample convergence bound: with probability 1 — o [Langford et. al 2001]

< KT, L (% Ze(ei) 10g§3/5))

1=1

< KL~! (empirical risk | regularizer)

"With probabillity 1—0, the fixed-point residual is below ¢ = 0.01
after £ = 20 steps”



fixed-point residual

Robust Kalman filtering guarantees

30th quantile bound
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Empirical
average
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90th quantile bound

99th quantile bound
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Probabilistic bound with

With 1000 samples, we provide strong probabilistic guarantees on the 99th quantile
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Data-Driven Performance Guarantees for
Classical and Learned Optimizers

Parametric setting \/

Uses machine learning to
accelerate the optimizer
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The learning to optimize paradigm

Goal: solve the parametric minimize  fy(z)
optimization problem fast subject to 99(2) < ()
Oﬂ:llne .................................................................................................................................................... Training | earn
Data collection @
timal .
Parameters Optima ~ Training ! Candidate
solutions solution
n Solve ‘parameter | | earnable Optimizer @E@ )
II II b ’ with weights w 2w (0) '
Deploy

Online evaluation

Unseen Learned Optimizer @E@ i b High-quality
Parareneter e /K/\\ solution




Data-Driven Performance Guarantees for
Classical and Learned Optimizers

Parametric setting \/
Faster optimization methods

( Guarantees )

Goal: endow learned
optimizers with
generalization guarantees

Empirical
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PAC-Bayes guarantees for learned optimizers

algorithm steps tolerance
~_ f
e, (0) =1(07(0) > e

McAllester bound: given posterior and prior distributions [McAllester et. al 2003]
P and F,, with probability 1 — ¢

E@NgngNpew( < Kl ( ZEwaew jif (KL(P H PQ) —+ 10g(N/5)))

S

risk <|KL~' (empirical risk | regularizer)
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Learned algorithms for sparse coding

Noisy Sparse coding Ground ’Fruth
measurements X _ sparse signal
0 =b Recover sparse z* from b = Dz* + o 2*

D: dictionary, o: noise

Standard technique
minimize || Dz — b||3 + A||2||1

ISTA (iterative shrinkage thresholding algorithm)
( optimizer)

(Classical optimizer) | |
271 = soft threshold ( 2!+ b)

. 1] .
/T = soft threshold (zJ LDT(DZJ = b))

+ variants [Gregor and LeCun 2010, Liu et. al 2019]

soft threshold,, (z) = sign(z) max(0, |z| — ) 15



SOth quantﬂe bound

Learned ISTA results for sparse coding

80th quantﬂe bound

evaluation steps

Baseline: Classical Optimizer
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Conclusions

Real-world optimization is parametric
Data-driven methods can provide guarantees for classical and learned optimizers
Classical optimizers: apply a sample convergence bound

Learned optimizers: minimize the generalization bound directly

Data-Driven Performance Guarantees To be on Arxiv soon!
for Classical and Learned Optimizers

@ rajivs@princeton.edu @ rajivsambharya.qgithub.io
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