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robotics and control energy signal processing

Real-world optimization is parametric
<latexit sha1_base64="iB73PQXgC1m3wPrmqkrArBRalOI="></latexit>

minimize f(z, x)

subject to g(z, x)  0

parameter
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

optimal solution
<latexit sha1_base64="ipZmSKI5BbNJ8lm6vZdFMbxu5FI="></latexit>

z⋆(x)

most applications require fast decisions in real-time



Sequential convex programming is popular for real-time optimization
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<latexit sha1_base64="iB73PQXgC1m3wPrmqkrArBRalOI="></latexit>

minimize f(z, x)

subject to g(z, x)  0

parameter
<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

non-convex in <latexit sha1_base64="LYN0B7Gt+rSBNgKg0cKTKagI2H0="></latexit>z
<latexit sha1_base64="LxWVazgCBeg/htXwTCcflJFLH/I="></latexit>

f <latexit sha1_base64="WZ60wyve8eD5c9HzLPvMuWzUWBs="></latexit>gand

optimal solution
<latexit sha1_base64="ipZmSKI5BbNJ8lm6vZdFMbxu5FI="></latexit>

z⋆(x)

local methods (fast)

lack of global guarantees

Nocedal and Wright, 06

involves solving convex problems

Boyd et al., 08

sequential convex programming
global methods (slow)

branch and bound

Belotti et al. 13

global certificate of optimality
too slow for real-time apps

Lawler and Wood 66

our focus in this talk



Sequential Convex Programming (SCP) methods
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initial point
trust region size

performance depends on

parameter

<latexit sha1_base64="hoQuTHEAsvVRm0u4oXSJsC6pRiA=">AAAB7XicjVC7SgNBFL0bXzG+opaCDAYhNmHXItoZsEmZgHlAsobZyWwyZnZmmZkV45LS3sZCEVt/IV9hYec3+BNuEgsVBQ9cOJxzL/fc64WcaWPbb1Zqbn5hcSm9nFlZXVvfyG5u1bWMFKE1IrlUTQ9rypmgNcMMp81QURx4nDa8wenEb1xSpZkUZ2YYUjfAPcF8RrBJpPr1uZ2/Ouhkc07BngL9TXInL+Pq+83uuNLJvra7kkQBFYZwrHXLsUPjxlgZRjgdZdqRpiEmA9yjrYQKHFDtxtO0I7SfKF3kS5WUMGiqfp2IcaD1MPCSzgCbvv7pTcTfvFZk/GM3ZiKMDBVktsiPODISTU5HXaYoMXyYEEwUS7Ii0scKE5M8KPO/J9QPC06xUKzauVIZZkjDDuxBHhw4ghKUoQI1IHABt3APD5a07qxH62nWmrI+Z7bhG6znD5XBkvM=</latexit>

z0(x)
<latexit sha1_base64="U/Amda/j7se3D+hBv4rIslcgQmc=">AAAB63icjVC7SgNBFL0bXzG+opaCDAbBKmwsop0Bm5QJmAckS5idzGaHzGOZmRXCktLWxkIRW/8hX2Fh5zf4E+4mFioKHrhwOOde7rnXjzgz1nXfnNzS8srqWn69sLG5tb1T3N1rGxVrQltEcaW7PjaUM0lblllOu5GmWPicdvzxZeZ3rqk2TMkrO4moJ/BIsoARbDOpr0M1KJYqZXcO9DcpXbzMmu83h7PGoPjaHyoSCyot4diYXsWNrJdgbRnhdFrox4ZGmIzxiPZSKrGgxkvmWafoOFWGKFA6LWnRXP06kWBhzET4aafANjQ/vUz8zevFNjj3Eiaj2FJJFouCmCOrUHY4GjJNieWTlGCiWZoVkRBrTGz6nsL/ntA+LVeq5WrTLdXqsEAeDuAITqACZ1CDOjSgBQRCuIV7eHCEc+c8Ok+L1pzzObMP3+A8fwAGaZKz</latexit>

⇢
<latexit sha1_base64="Ef1JVbm/ko58IluIBSuYaeTsZks=">AAAB6HicjVA9SwNBEJ2LXzF+RS0FOQyCVbiziHYGbFImYD4gOcLeZi5Zs7d37O6J4UhpZWOhiK2/Ir/Cws7f4J9wk1ioKPhg4PHeDPNm/JgzpR3nzcosLC4tr2RXc2vrG5tb+e2dhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PSH51O/eYVSsUhc6FGMXkj6ggWMEm2k2nU3X3CLzgz236Rw9jKpvd/sT6rd/GunF9EkRKEpJ0q1XSfWXkqkZpTjONdJFMaEDkkf24YKEqLy0lnQsX1olJ4dRNKU0PZM/TqRklCpUeibzpDogfrpTcXfvHaig1MvZSJONAo6XxQk3NaRPb3a7jGJVPORIYRKZrLadEAkodr8Jve/JzSOi26pWKo5hXIF5sjCHhzAEbhwAmWoQBXqQAHhFu7hwbq07qxH62nemrE+Z3bhG6znD8z2kWg=</latexit>

x

prox-linear method
convex-concave procedure
relax-round-polish method

a zoo of SCP methods

Lipp et al., 16

Diamond et al., 17

Drusvyatskyi and Paquette, 19

Nocedal and Wright, 06trust-region methodinitialize
sequential convex programming

<latexit sha1_base64="RcOei5o2xYFQ4ZqczU2mDczTd7I=">AAAB8XicbVA9SwNBEJ3zM8avqKXNYhBiE/Ysoo0QsEkZwXxgcoa9zV6yZG/v2N0T45F/YWOhiK3/xs5/4+aSQhMfDDzem2Fmnh8Lrg3G387K6tr6xmZuK7+9s7u3Xzg4bOooUZQ1aCQi1faJZoJL1jDcCNaOFSOhL1jLH11P/dYDU5pH8taMY+aFZCB5wCkxVrp7uselxzN0hXCvUMRlnAEtE3dOitUSZKj3Cl/dfkSTkElDBdG64+LYeClRhlPBJvluollM6IgMWMdSSUKmvTS7eIJOrdJHQaRsSYMy9fdESkKtx6FvO0NihnrRm4r/eZ3EBJdeymWcGCbpbFGQCGQiNH0f9bli1IixJYQqbm9FdEgUocaGlLchuIsvL5PmedmtlCs3No3aLA3IwTGcQAlcuIAq1KAODaAg4Rle4c3Rzovz7nzMWlec+cwR/IHz+QPisI/R</latexit>

z0(x) = 0
<latexit sha1_base64="GCl5MRTl0ocZGaosNsrPlVdAv7o=">AAACA3icbVDLTgIxFO3gC/E16k43jcQEoiEzxqBLEjcsMeGVwEA6pQMNnc6k7RhgQuLGX3HjQmPc+hPu/BsLzELBk9zk9Jx703uPGzIqlWV9G6m19Y3NrfR2Zmd3b//APDyqyyASmNRwwALRdJEkjHJSU1Qx0gwFQb7LSMMd3s38xgMRkga8qsYhcXzU59SjGCktdc2TSSceXtjT3CgP25TDam7SGerH5SjfNbNWwZoDrhI7IVmQoNI1v9q9AEc+4QozJGXLtkLlxEgoihmZZtqRJCHCQ9QnLU058ol04vkNU3iulR70AqGLKzhXf0/EyJdy7Lu600dqIJe9mfif14qUd+vElIeRIhwvPvIiBlUAZ4HAHhUEKzbWBGFB9a4QD5BAWOnYMjoEe/nkVVK/KtjFQvH+OlsqJ3GkwSk4AzlggxtQAmVQATWAwSN4Bq/gzXgyXox342PRmjKSmWPwB8bnDxQ9leg=</latexit>

zk+1(x) 2 T (zk(x), x)
solve convex 


problem
<latexit sha1_base64="TMAS0lsHrgtTkXrPrw0CzqKrqmg=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiM5gIFjHspog2QsAmYBPBPCBZwuxkNhky+2DmrhCWYOOv2FgoYutX2Pk3ziZbaPRUh3Pu87iR4Aos68vIrayurW/kNwtb2zu7e+b+QVuFsaSsRUMRyq5LFBM8YC3gIFg3koz4rmAdd3Kd+p17JhUPgzuYRszxySjgHqcEtDQwj7xQ4tLkyir3hyGo8s25XcIKWKQGZtGqWHPgv8TOSBFlaA7MTz2Cxj4LgAqiVM+2InASIoFTwWaFfqxYROiEjFhP04D4TDnJ/IUZPtXKEKfHeGEAeK7+7EiIr9TUd3WlT2Cslr1U/M/rxeBdOgkPohhYQBeLvFhgCHGaBx5yySiIqSaESq5vxXRMJKGgUyvoEOzll/+SdrVi1yq122qx3sjiyKNjdILOkI0uUB01UBO1EEUP6Am9oFfj0Xg23oz3RWnOyHoO0S8YH9+GdJWh</latexit>for k = 0, . . . ,K � 1 steps

budget of iterations

<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x
parameter

current iterate
next iterate

<latexit sha1_base64="t2u3g2b2sJcyNWUl0Otlhb2i9KM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY8NJjBfsB7VqyabaNzSZLkhXr0v/gxYMiXv0/3vw3pu0etPpg4PHeDDPzgpgzbVz3y8mtrK6tb+Q3C1vbO7t7xf2DlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvpr57XuqNJPixkxi6kd4KFjICDZWaj3ejssPp/1iya24c6C/xMtICTI0+sXP3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKTqwyQKFUtoRBc/XnRIojrSdRYDsjbEZ62ZuJ/3ndxISXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll/+S1lnFq1aq1+elWj2LIw9HcAxl8OACalCHBjSBwB08wQu8OtJ5dt6c90VrzslmDuEXnI9vDpCO0w==</latexit>

zk(x)

<latexit sha1_base64="swcTUy2meZaU0jOcmjTdO4kfO/I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahIpREpHoseOmxgv3ANpbNdtMu3WzC7kasIf/CiwdFvPpvvPlv3LY5aOuDgcd7M8zM8yLOlLbtbyu3srq2vpHfLGxt7+zuFfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xtdTv/1ApWKhuNWTiLoBHgrmM4K1ke6e7pPxmZOWH0/7xZJdsWdAy8TJSAkyNPrFr94gJHFAhSYcK9V17Ei7CZaaEU7TQi9WNMJkjIe0a6jAAVVuMrs4RSdGGSA/lKaERjP190SCA6UmgWc6A6xHatGbiv953Vj7V27CRBRrKsh8kR9zpEM0fR8NmKRE84khmEhmbkVkhCUm2oRUMCE4iy8vk9Z5xalWqjcXpVo9iyMPR3AMZXDgEmpQhwY0gYCAZ3iFN0tZL9a79TFvzVnZzCH8gfX5A7DSkE8=</latexit>

zk+1(x)

<latexit sha1_base64="WqGTwIn7eBDGVvvzwdSO/92deLc="></latexit>

minimize f̂(z, x, zk(x))
subject to ĝ(z, x, zk(x))  0

kz � zk(x)k1  ⇢

local convex quadratic approximations around  
<latexit sha1_base64="qvusm3aNAjK4SfJXCmv54nBHkks=">AAAB7XicbVDJSgNBEK1xjXGLy83LYBDiZZgJGD0GPJhjBLNAMoaeTidp09M9dPeIyZB/8OJBEa/e/BhvHv0TOwuo0QcFj/eqqKoXRIwq7bof1sLi0vLKamotvb6xubWd2dmtKhFLTCpYMCHrAVKEUU4qmmpG6pEkKAwYqQX987FfuyVSUcGv9CAifoi6nHYoRtpI1eF1P3d33MpkXaeQd/Peie067gTfxJuRbDE3/Lx420/Krcx7sy1wHBKuMUNKNTw30n6CpKaYkVG6GSsSIdxHXdIwlKOQKD+ZXDuyj4zStjtCmuLanqg/JxIUKjUIA9MZIt1T895Y/M9rxLpz5ieUR7EmHE8XdWJma2GPX7fbVBKs2cAQhCU1t9q4hyTC2gSUNiF48y//JdW84xWcwqVJowRTpOAADiEHHpxCEUpQhgpguIF7eIQnS1gP1rP1Mm1dsGYze/AL1usXjbWSJg==</latexit>

zk(x)
trust-region 


size



SCP as implicit fixed-length computational graphs
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<latexit sha1_base64="z6sXOdNpP5xzVITV72UMKNt5xZ4="></latexit>x

<latexit sha1_base64="fD+KxhlU9M+IEJrByhbSNYy30Bw="></latexit>. . .

parameter

initial point

<latexit sha1_base64="uP9drcmPscJAJ3m+ikFdBT9QmDE=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4LXnqsYD+gXUs2zbah2WRNsmJd+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/91gNVmklxa8Yx9SM8ECxkBBsrtZ/uUndSejzrFYpu2Z0BLRMvI0XIUO8Vvrp9SZKICkM41rrjubHxU6wMI5xO8t1E0xiTER7QjqUCR1T76ezeCTq1Sh+FUtkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvkpE3FiqCDzRWHCkZFo+jzqM0WJ4WNLMFHM3orIECtMjI0ob0PwFl9eJs3zslcpV24uitVaFkcOjuEESuDBJVShBnVoAAEOz/AKb8698+K8Ox/z1hUnmzmCP3A+fwB7/o+k</latexit>

z0(x)
<latexit sha1_base64="kcBtxy4K7AQsIMYjCrZkd9i1D+k=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4LXnqsYD+gXUs2zbah2WRNsmJd+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/91gNVmklxa8Yx9SM8ECxkBBsrtZ/uUm9SejzrFYpu2Z0BLRMvI0XIUO8Vvrp9SZKICkM41rrjubHxU6wMI5xO8t1E0xiTER7QjqUCR1T76ezeCTq1Sh+FUtkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvkpE3FiqCDzRWHCkZFo+jzqM0WJ4WNLMFHM3orIECtMjI0ob0PwFl9eJs3zslcpV24uitVaFkcOjuEESuDBJVShBnVoAAEOz/AKb8698+K8Ox/z1hUnmzmCP3A+fwB9ho+l</latexit>

z1(x)
<latexit sha1_base64="u0gBOyuDq5jE42CYCn9/mess3gI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahHixJkeqx4KXgpYL9wDaWzXbTLt1swu5GrKH/wosHRbz6b7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kZXU7/1QKViobjV44i6AR4I5jOCtZHunu6T6zNnUnw87eULdsmeAS0TJyUFSFHv5b+6/ZDEARWacKxUx7Ej7SZYakY4neS6saIRJiM8oB1DBQ6ocpPZxRN0YpQ+8kNpSmg0U39PJDhQahx4pjPAeqgWvan4n9eJtX/pJkxEsaaCzBf5MUc6RNP3UZ9JSjQfG4KJZOZWRIZYYqJNSDkTgrP48jJplktOpVS5OS9Ua2kcWTiCYyiCAxdQhRrUoQEEBDzDK7xZynqx3q2PeWvGSmcO4Q+szx+CpJAx</latexit>

zK�1(x)
<latexit sha1_base64="wdjyS5qj44JeqpMu8PaZ4rP6VyM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUj0WvBS8VLAf0May2W7apZtN3N2INfRPePGgiFf/jjf/jZs2B219MPB4b4aZeV7EmdK2/W3lVlbX1jfym4Wt7Z3dveL+QUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgq9dsPVCoWils9iagb4KFgPiNYG6nzdJdcT8uPp/1iya7YM6Bl4mSkBBka/eJXbxCSOKBCE46V6jp2pN0ES80Ip9NCL1Y0wmSMh7RrqMABVW4yu3eKTowyQH4oTQmNZurviQQHSk0Cz3QGWI/UopeK/3ndWPuXbsJEFGsqyHyRH3OkQ5Q+jwZMUqL5xBBMJDO3IjLCEhNtIiqYEJzFl5dJ66ziVCvVm/NSrZ7FkYcjOIYyOHABNahDA5pAgMMzvMKbdW+9WO/Wx7w1Z2Uzh/AH1ucPpVaPvw==</latexit>

zK(x)
<latexit sha1_base64="92INmWm4v+mIFwJXMFQAD9VlwIk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLzkmkBckS5iddJIxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXEAuujet+O7mt7Z3dvfx+4eDw6PikeHrW1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0YeF3nlBpHsmmmcXoh3Qs+YgzaqzUaA6KJbfsLkE2iZeREmSoD4pf/WHEkhClYYJq3fPc2PgpVYYzgfNCP9EYUzalY+xZKmmI2k+Xh87JlVWGZBQpW9KQpfp7IqWh1rMwsJ0hNRO97i3E/7xeYkb3fsplnBiUbLVolAhiIrL4mgy5QmbEzBLKFLe3EjahijJjsynYELz1lzdJ+6bsVcqVxm2pWsviyMMFXMI1eHAHVahBHVrAAOEZXuHNeXRenHfnY9Wac7KZc/gD5/MHtQmM6Q==</latexit>

T
<latexit sha1_base64="92INmWm4v+mIFwJXMFQAD9VlwIk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLzkmkBckS5iddJIxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXEAuujet+O7mt7Z3dvfx+4eDw6PikeHrW1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0YeF3nlBpHsmmmcXoh3Qs+YgzaqzUaA6KJbfsLkE2iZeREmSoD4pf/WHEkhClYYJq3fPc2PgpVYYzgfNCP9EYUzalY+xZKmmI2k+Xh87JlVWGZBQpW9KQpfp7IqWh1rMwsJ0hNRO97i3E/7xeYkb3fsplnBiUbLVolAhiIrL4mgy5QmbEzBLKFLe3EjahijJjsynYELz1lzdJ+6bsVcqVxm2pWsviyMMFXMI1eHAHVahBHVrAAOEZXuHNeXRenHfnY9Wac7KZc/gD5/MHtQmM6Q==</latexit>

T

set of possible parameters 
<latexit sha1_base64="dDtNwz0oA6HWiICDcXqBNrpZzZU=">AAAB8nicbVDLSgMxFM3UV62vqktBgkVwNWQKVncW3HTZgn3AdCiZNNOGZiZDkhHK0KWf4MaFIm79gH6FC3d+gz9hpi2o1QMXDufcyz33+jFnSiP0YeVWVtfWN/Kbha3tnd294v5BS4lEEtokggvZ8bGinEW0qZnmtBNLikOf07Y/us789i2VionoRo9j6oV4ELGAEayN5HZDrIcE87Qz6RVLyK6UUdk5h8hGM3wTZ0FKV2/Txufd8bTeK753+4IkIY004Vgp10Gx9lIsNSOcTgrdRNEYkxEeUNfQCIdUeeks8gSeGqUPAyFNRRrO1J8TKQ6VGoe+6cwiqmUvE//z3EQHl17KojjRNCLzRUHCoRYwux/2maRE87EhmEhmskIyxBITbb5UME9wlk/+S1pl26nYlQYqVWtgjjw4AifgDDjgAlRBDdRBExAgwD14BE+Wth6sZ+tl3pqzFjOH4Bes1y+NVJXn</latexit>

X algorithm steps are 

implicitly defined via

optimality conditions

our question: can we obtain worst-case guarantees 
of sequential convex programming algorithms  

for all parameters in a given set ?
<latexit sha1_base64="gdbSI4NEiaPI/y1UFqlFSfTGHf4=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQi1WXBTZcV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05pbX1jc6u8XdnZ3ds/qB4edU2SacY7LJGJ7ofUcCkU76BAyfup5jQOJe+F05vC791zbUSi7nCW8iCmYyUiwShayR/EFCeMyrw/H1ZrXt1dgPxNarBCe1h9H4wSlsVcIZPUGN9zUwxyqlEwyeeVQWZ4StmUjrlvqaIxN0G+iDwnZ1YZkSjR9ikkC/XrRk5jY2ZxaCeLiOanV4i/eX6G0XWQC5VmyBVbHooySTAhxf/JSGjOUM4soUwLm5WwCdWUoW2p8r8Suhd1r1Fv3F7Wmq1VHWU4gVM4Bw+uoAktaEMHGCTwAE/w7KDz6Lw4r8vRkrPaOYZvcN4+AZ0GkYI=</latexit>

X

budget of iterations



Existing literature and main idea

6

existing guarantees: 
convergence to stationary point

guaranteed under certain assumptions  
 Drusvyatskiy and Paquette 2019; Bonalli et al. 2019; 


Roulet et al. 2025; Beck 2017; Nocedal and Wright 2006

limitation: no global guarantee 

on worst-case performance

main idea:
parametric structure can be exploited!

how can we derive worst-case

 guarantees for              ?

<latexit sha1_base64="6D5fi/x8eVWt2LbCLD1ZKIGdKlo=">AAAB/HicjVDLSsNAFL3xWesr2qWbwVZwVZIuqsuCmy4r2Ac0oUymk3boZBJmJmII9VfcuFDErR/izr9x0nahouCBC4dz7uUeTpBwprTjfFhr6xubW9ulnfLu3v7BoX103FNxKgntkpjHchBgRTkTtKuZ5nSQSIqjgNN+MLsq/P4tlYrF4kZnCfUjPBEsZARrI43sSu0OeUwgL8J6SjDPB/PayK66dWcB9Depwgqdkf3ujWOSRlRowrFSQ9dJtJ9jqRnhdF72UkUTTGZ4QoeGChxR5eeL8HN0ZpQxCmNpRmi0UL9e5DhSKosCs1lkVD+9QvzNG6Y6vPRzJpJUU0GWj8KUIx2jogk0ZpISzTNDMJHMZEVkiiUm2vRV/l8JvUbdbdab141qq72qowQncArn4MIFtKANHegCgQwe4AmerXvr0XqxXpera9bqpgLfYL19ArVklDQ=</latexit>

x 2 X
suboptimality
level of constraint violation
feasibility of subproblems

our focus next

don’t take advantage of parametric structure 

our question: can we obtain worst-case guarantees 
of sequential convex programming algorithms  

for all parameters in a given set ?
<latexit sha1_base64="gdbSI4NEiaPI/y1UFqlFSfTGHf4=">AAAB8nicjVDLSsNAFL2pr1pfVZduBovgqiQi1WXBTZcV7APSUCbTSTt0MgkzN0IJ/Qw3LhRx69e482+ctF2oKHhg4HDOvdwzJ0ylMOi6H05pbX1jc6u8XdnZ3ds/qB4edU2SacY7LJGJ7ofUcCkU76BAyfup5jQOJe+F05vC791zbUSi7nCW8iCmYyUiwShayR/EFCeMyrw/H1ZrXt1dgPxNarBCe1h9H4wSlsVcIZPUGN9zUwxyqlEwyeeVQWZ4StmUjrlvqaIxN0G+iDwnZ1YZkSjR9ikkC/XrRk5jY2ZxaCeLiOanV4i/eX6G0XWQC5VmyBVbHooySTAhxf/JSGjOUM4soUwLm5WwCdWUoW2p8r8Suhd1r1Fv3F7Wmq1VHWU4gVM4Bw+uoAktaEMHGCTwAE/w7KDz6Lw4r8vRkrPaOYZvcN4+AZ0GkYI=</latexit>

X



Main idea for verifying suboptimality
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how to encode the SCP 

convex opt problems?

search for the worst-case parameter with 

a “meta”-optimization problem!

<latexit sha1_base64="iB73PQXgC1m3wPrmqkrArBRalOI="></latexit>

minimize f(z, x)

subject to g(z, x)  0

original non-convex problem

e.g., 
<latexit sha1_base64="SCLScx0lV5Z4MxIz6vATZtclq6I="></latexit>

S = {zws}
<latexit sha1_base64="GLaQd+ui1FVtwxnC73VKHd1M7MA="></latexit>

S = {0} , 

how to encode this 

optimality constraint?

assumption: constraints always satisfied
<latexit sha1_base64="xmGaRBe7soGS5N0kTs2p/qlFL/c=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQEpCwKxI9BrzkGME8IFnD7KQ3GTL7cGZWEpeAv+LFgyJe/Q5v/o2TZA+aWNBQVHXT3eVGnEllWd9GZmV1bX0ju5nb2t7Z3TP3DxoyjAWFOg15KFoukcBZAHXFFIdWJID4LoemO7ye+s0HEJKFwa0aR+D4pB8wj1GitNQ1j/qFx7tkOCmMimd4VMQdDvfY6pp5q2TNgJeJnZI8SlHrml+dXkhjHwJFOZGybVuRchIiFKMcJrlOLCEidEj60NY0ID5IJ5mdP8GnWulhLxS6AoVn6u+JhPhSjn1Xd/pEDeSiNxX/89qx8q6chAVRrCCg80VezLEK8TQL3GMCqOJjTQgVTN+K6YAIQpVOLKdDsBdfXiaN85JdLpVvLvKVahpHFh2jE1RANrpEFVRFNVRHFCXoGb2iN+PJeDHejY95a8ZIZw7RHxifP8eflBw=</latexit>

g(zk(x), x)  0

(e.g., unconstrained or convex constraints)

<latexit sha1_base64="lDIEG1aUIZOSK5mJJMQYyjLIPJw="></latexit>

maximize (performance metric) f(zK , x)� f(z?, x)
subject to (algorithm steps) zk+1 2 T (zk, x)

(parameter) x 2 X
(initial point) z0 2 S
(optimality) z? 2 argminz f(z, x) s.t. g(z, x)  0

<latexit sha1_base64="HgJheO99ZODS4zO3f1T3U709R6A=">AAAB9HicbVC7SgNBFL0bXzG+opY2Q4JiEcOuRRRBCNgEbCKYByRLmJ1MkiGzs+vMbCAs+QRrGwtFbFL4L9r5N04ehSYeGDiccw/3zvFCzpS27W8rsbK6tr6R3Extbe/s7qX3D6oqiCShFRLwQNY9rChnglY005zWQ0mx73Fa8/o3E782oFKxQNzrYUhdH3cF6zCCtZHc/rWda7YDrXK3Z04rnbXz9hRomThzki1mxuOrz8eTciv9ZbIk8qnQhGOlGo4dajfGUjPC6SjVjBQNMenjLm0YKrBPlRtPjx6hY6O0USeQ5gmNpurvRIx9pYa+ZyZ9rHtq0ZuI/3mNSHcu3ZiJMNJUkNmiTsSRDtCkAdRmkhLNh4ZgIpm5FZEelpho01PKlOAsfnmZVM/zTiFfuDNtlGCGJBxBBk7BgQsoQgnKUAECD/AEL/BqDaxn6816n40mrHnmEP7A+vgBpCCUbA==</latexit>

k = 0, . . . ,K − 1



KKT conditions of convex quadratic programs
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Primal

KKT conditions
<latexit sha1_base64="CmQjBWa5l1SFczEio28ugwz08zM="></latexit>

Au+ s = b, Pu+AT y + c = 0, s � 0, y � 0, sT y = 0

flatten SCP iterations via KKT 

constraints in the verification problem

<latexit sha1_base64="VzXmCwv+zm++DnsXJG0ghTTFNrI="></latexit>

minimize (1/2)uTPu+ cTu
subject to Au+ s = b

s � 0

Dual
<latexit sha1_base64="jryCLS7SZnZQpiVXBA2QY0PAGvc="></latexit>

maximize �(1/2)uTPu� bT y
subject to Pu+AT y + c = 0

y � 0

our convex subproblems are convex QPs

KKT are necessary and sufficient
Boyd and Vandenberghe 04



The suboptimality verification problem
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encode the KKT conditions<latexit sha1_base64="lDIEG1aUIZOSK5mJJMQYyjLIPJw="></latexit>

maximize (performance metric) f(zK , x)� f(z?, x)
subject to (algorithm steps) zk+1 2 T (zk, x)

(parameter) x 2 X
(initial point) z0 2 S
(optimality) z? 2 argminz f(z, x) s.t. g(z, x)  0

this relaxation is tight! 

<latexit sha1_base64="SnNvPdQ+mWC0mGPbIGSO9z5yiG0="></latexit>

g(z?, x)  0
relax with a


feasibility constraint 

(feasibility)

assumption: constraints always satisfied
<latexit sha1_base64="iB73PQXgC1m3wPrmqkrArBRalOI="></latexit>

minimize f(z, x)

subject to g(z, x)  0

original non-convex problem
<latexit sha1_base64="xmGaRBe7soGS5N0kTs2p/qlFL/c=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQEpCwKxI9BrzkGME8IFnD7KQ3GTL7cGZWEpeAv+LFgyJe/Q5v/o2TZA+aWNBQVHXT3eVGnEllWd9GZmV1bX0ju5nb2t7Z3TP3DxoyjAWFOg15KFoukcBZAHXFFIdWJID4LoemO7ye+s0HEJKFwa0aR+D4pB8wj1GitNQ1j/qFx7tkOCmMimd4VMQdDvfY6pp5q2TNgJeJnZI8SlHrml+dXkhjHwJFOZGybVuRchIiFKMcJrlOLCEidEj60NY0ID5IJ5mdP8GnWulhLxS6AoVn6u+JhPhSjn1Xd/pEDeSiNxX/89qx8q6chAVRrCCg80VezLEK8TQL3GMCqOJjTQgVTN+K6YAIQpVOLKdDsBdfXiaN85JdLpVvLvKVahpHFh2jE1RANrpEFVRFNVRHFCXoGb2iN+PJeDHejY95a8ZIZw7RHxifP8eflBw=</latexit>

g(zk(x), x)  0

(e.g., unconstrained or convex constraints)

verification done offline 

(time-insensitive setting)

…to enable reliable 

optimization online


(time-sensitive setting)

<latexit sha1_base64="HgJheO99ZODS4zO3f1T3U709R6A=">AAAB9HicbVC7SgNBFL0bXzG+opY2Q4JiEcOuRRRBCNgEbCKYByRLmJ1MkiGzs+vMbCAs+QRrGwtFbFL4L9r5N04ehSYeGDiccw/3zvFCzpS27W8rsbK6tr6R3Extbe/s7qX3D6oqiCShFRLwQNY9rChnglY005zWQ0mx73Fa8/o3E782oFKxQNzrYUhdH3cF6zCCtZHc/rWda7YDrXK3Z04rnbXz9hRomThzki1mxuOrz8eTciv9ZbIk8qnQhGOlGo4dajfGUjPC6SjVjBQNMenjLm0YKrBPlRtPjx6hY6O0USeQ5gmNpurvRIx9pYa+ZyZ9rHtq0ZuI/3mNSHcu3ZiJMNJUkNmiTsSRDtCkAdRmkhLNh4ZgIpm5FZEelpho01PKlOAsfnmZVM/zTiFfuDNtlGCGJBxBBk7BgQsoQgnKUAECD/AEL/BqDaxn6816n40mrHnmEP7A+vgBpCCUbA==</latexit>

k = 0, . . . ,K − 1



Non-convex quadratic optimization over a box
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can certify global 

optimality (or not)!

initial point, 

trust region size, 


parameter set matter

solution
<latexit sha1_base64="hgNppUKWgpZcDncH3FkbOOGkehI=">AAACHHicbZDLSsNAFIYnXmu9RV26CRahQgmJlrbuCm66rGAvkMQymU7aoZMLMxOxhjyIG1/FjQtF3LgQfBunbQraemDg5/vPmTnzuxElXBjGt7Kyura+sZnbym/v7O7tqweHbR7GDOEWCmnIui7kmJIAtwQRFHcjhqHvUtxxR1cTv3OHGSdhcCPGEXZ8OAiIRxAUEvXUi8SeXmKxgeskhm5Mq2To5WrZvKyV5iR9uLW5gKx4f5b21MIca8vCzEQBZNXsqZ92P0SxjwOBKOTcMo1IOAlkgiCK07wdcxxBNIIDbEkZQB9zJ5nulWqnkvQ1L2TyBEKb0t8TCfQ5H/uu7PShGPJFbwL/86xYeDUnIUEUCxyg2UNeTDURapOktD5hGAk6lgIiRuSuGhpCBpGQeeZlCObil5dF+1w3K3rlulyoN7I4cuAYnIAiMEEV1EEDNEELIPAInsEreFOelBflXfmYta4o2cwR+FPK1w87pZ3C</latexit>

z?(x)

<latexit sha1_base64="eY7B3Rhw7k/pFOHgyuuclIgs0Uo=">AAAB83icbVC7SgNBFL3rM8ZX1FKQwSBYhV2LaGfAJmUC5gHZEGYns8mQ2dl1HkJYUvoLNhaK2NrnKyzs/AZ/wsmj0MQDFw7n3Mu99wQJZ0q77pezsrq2vrGZ2cpu7+zu7ecODusqNpLQGol5LJsBVpQzQWuaaU6biaQ4CjhtBIObid+4p1KxWNzqYULbEe4JFjKCtZX8CvKFMoTQO+R2cnm34E6Blok3J/nrj3H1++FkXOnkPv1uTExEhSYcK9Xy3ES3Uyw1I5yOsr5RNMFkgHu0ZanAEVXtdHrzCJ1ZpYvCWNoSGk3V3xMpjpQaRoHtjLDuq0VvIv7ntYwOr9opE4nRVJDZotBwpGM0CQB1maRE86ElmEhmb0WkjyUm2saUtSF4iy8vk/pFwSsWilU3XyrDDBk4hlM4Bw8uoQRlqEANCCTwCM/w4hjnyXl13matK8585gj+wHn/AeV3lWk=</latexit>

P ✏ 0

conventional wisdom (warm-start better 

than cold-start) not always right! sample maximum

verified result 
warm-start cold-start

parameter
<latexit sha1_base64="EFzd2TNXaj/WkZwm7ehFkC6bisE=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSahxHRXcNNlC/YBbSiT6aQdO5mEmYlYQr/AjQtF3PpJ7vwbpw9BRQ9cOJxzL/feE6acKY3Qh1XY2Nza3inulvb2Dw6PyscnHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G0+uF372jUrFE3OhZSoMYjwWLGMHaSK37YbmC7JrruTUPIrvqIN9HhjjIcX0XOjZaogLWaA7L74NRQrKYCk04VqrvoFQHOZaaEU7npUGmaIrJFI9p31CBY6qCfHnoHF4YZQSjRJoSGi7V7xM5jpWaxaHpjLGeqN/eQvzL62c68oOciTTTVJDVoijjUCdw8TUcMUmJ5jNDMJHM3ArJBEtMtMmmZEL4+hT+Tzqu7Xi216pW6o11HEVwBs7BJXDAFaiDBmiCNiCAggfwBJ6tW+vRerFeV60Faz1zCn7AevsEUCSNUg==</latexit>x

<latexit sha1_base64="AeuB2LevlcSNeg2Nc2/yYsTGomE="></latexit>

minimize (1/2)zTPz + xT z
subject to �1  z  1
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Network utility maximization
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<latexit sha1_base64="hgNppUKWgpZcDncH3FkbOOGkehI=">AAACHHicbZDLSsNAFIYnXmu9RV26CRahQgmJlrbuCm66rGAvkMQymU7aoZMLMxOxhjyIG1/FjQtF3LgQfBunbQraemDg5/vPmTnzuxElXBjGt7Kyura+sZnbym/v7O7tqweHbR7GDOEWCmnIui7kmJIAtwQRFHcjhqHvUtxxR1cTv3OHGSdhcCPGEXZ8OAiIRxAUEvXUi8SeXmKxgeskhm5Mq2To5WrZvKyV5iR9uLW5gKx4f5b21MIca8vCzEQBZNXsqZ92P0SxjwOBKOTcMo1IOAlkgiCK07wdcxxBNIIDbEkZQB9zJ5nulWqnkvQ1L2TyBEKb0t8TCfQ5H/uu7PShGPJFbwL/86xYeDUnIUEUCxyg2UNeTDURapOktD5hGAk6lgIiRuSuGhpCBpGQeeZlCObil5dF+1w3K3rlulyoN7I4cuAYnIAiMEEV1EEDNEELIPAInsEreFOelBflXfmYta4o2cwR+FPK1w87pZ3C</latexit>

z?(x)

sample maximum
verified result 

<latexit sha1_base64="M08tpF1NBO/oxKtxMo/9AZSF1JA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJ9TGcjFNx0WcE+oB1KJs20sZnJkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3niDhTGmEPqzcxubW9k5+t7C3f3B4VDw+6SiRSkLbRHAhewFWlLOYtjXTnPYSSXEUcNoNptcLv3tPpWIivtWzhPoRHscsZARrI3UGciKuysNiCdmohmoegsiullEF1QxxPbdS96BjoyVKYI3WsPg+GAmSRjTWhGOl+g5KtJ9hqRnhdF4YpIommEzxmPYNjXFElZ8tr53DC6OMYCikqVjDpfp9IsORUrMoMJ0R1hP121uIf3n9VIeen7E4STWNyWpRmHKoBVy8DkdMUqL5zBBMJDO3QjLBEhNtAiqYEL4+hf+TTtl2XNu9qZYazXUceXAGzsElcEAdNEATtEAbEHAHHsATeLaE9Wi9WK+r1py1njkFP2C9fQJ/RY8h</latexit>

⇢ = 2
<latexit sha1_base64="3T196qDrhY2w1yn8yzdDLxD5Oc8=">AAAB7XicdVBNSwMxEM3Wr1q/qh69BIvgacnWWtuDUPDSYwXbCu1Ssmm2jc0mS5IVytL/4MWDIl79P978N2bbCir6YODx3gwz84KYM20Q+nByK6tr6xv5zcLW9s7uXnH/oKNloghtE8mlug2wppwJ2jbMcHobK4qjgNNuMLnK/O49VZpJcWOmMfUjPBIsZAQbK3X6aiwvvUGxhNx6uV7xyhC53lkGS9A5qtcQ9Fw0Rwks0RoU3/tDSZKICkM41rrnodj4KVaGEU5nhX6iaYzJBI9oz1KBI6r9dH7tDJ5YZQhDqWwJA+fq94kUR1pPo8B2RtiM9W8vE//yeokJa37KRJwYKshiUZhwaCTMXodDpigxfGoJJorZWyEZY4WJsQEVbAhfn8L/SafselW3el0pNZrLOPLgCByDU+CBC9AATdACbUDAHXgAT+DZkc6j8+K8LlpzznLmEPyA8/YJd3ePGw==</latexit>

⇢ = 1
<latexit sha1_base64="K9S/eCcNRs/HbbJ3E49AL8ysJr8=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKlHetCKLjpsoJ9QDuUTJppYzPJkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njDhTBuEPpzc2vrG5lZ+u7Czu7d/UDw8amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek+u537mnSjMpbs00oUGMR4JFjGBjpXZfjeVVdVAsIRf5XvWyBpHrVys+Klvi+TW/gqDnogVKYIXmoPjeH0qSxlQYwrHWPQ8lJsiwMoxwOiv0U00TTCZ4RHuWChxTHWSLa2fwzCpDGEllSxi4UL9PZDjWehqHtjPGZqx/e3PxL6+XmqgWZEwkqaGCLBdFKYdGwvnrcMgUJYZPLcFEMXsrJGOsMDE2oIIN4etT+D9pl20srn9TKdUbqzjy4AScgnPggQtQBw3QBC1AwB14AE/g2ZHOo/PivC5bc85q5hj8gPP2CY7Rjys=</latexit>

⇢ = 5 the largest trust-region 

size performs best
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verification time scales 

with iterations

trust-region size <latexit sha1_base64="8kRiLoKGfj+DhgtoRHowd1Bpb0M=">AAAB63icbVC7SgNBFL3rM8ZX1NJmSFCswq5FFKuATcoI5gHJEmYns9khM7PLzKwQlnyCNhaK2Nrkb7Tzb5w8Ck08cOFwzr3ce0+QcKaN6347a+sbm1vbuZ387t7+wWHh6Lip41QR2iAxj1U7wJpyJmnDMMNpO1EUi4DTVjC8nfqtB6o0i+W9GSXUF3ggWcgINlOpq6K4Vyi5ZXcGtEq8BSlVi5PJzefjeb1X+Or2Y5IKKg3hWOuO5ybGz7AyjHA6zndTTRNMhnhAO5ZKLKj2s9mtY3RmlT4KY2VLGjRTf09kWGg9EoHtFNhEetmbiv95ndSE137GZJIaKsl8UZhyZGI0fRz1maLE8JElmChmb0UkwgoTY+PJ2xC85ZdXSfOy7FXKlTubRg3myMEpFOECPLiCKtSgDg0gEMETvMCrI5xn5815n7euOYuZE/gD5+MHyO+RyA==</latexit>ρ

capacities
<latexit sha1_base64="EFzd2TNXaj/WkZwm7ehFkC6bisE=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSahxHRXcNNlC/YBbSiT6aQdO5mEmYlYQr/AjQtF3PpJ7vwbpw9BRQ9cOJxzL/feE6acKY3Qh1XY2Nza3inulvb2Dw6PyscnHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G0+uF372jUrFE3OhZSoMYjwWLGMHaSK37YbmC7JrruTUPIrvqIN9HhjjIcX0XOjZaogLWaA7L74NRQrKYCk04VqrvoFQHOZaaEU7npUGmaIrJFI9p31CBY6qCfHnoHF4YZQSjRJoSGi7V7xM5jpWaxaHpjLGeqN/eQvzL62c68oOciTTTVJDVoijjUCdw8TUcMUmJ5jNDMJHM3ArJBEtMtMmmZEL4+hT+Tzqu7Xi216pW6o11HEVwBs7BJXDAFaiDBmiCNiCAggfwBJ6tW+vRerFeV60Faz1zCn7AevsEUCSNUg==</latexit>x

<latexit sha1_base64="8jOk9oESkM4L7ktkX8hg11R/K/A="></latexit>

maximize (1/2)kzk22
subject to Rz  x, z � 0

Guisewite and Pardalos, 90 Fazel and Chang, 05



Handling relaxing and rounding schemes
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<latexit sha1_base64="XPzJnRXN9cADDEmbj758YPwCW7g="></latexit>

min (1/2)kAz � xk22
s.t. kzk0  k

example

solve unconstrained

least squares w/ fixed support

project onto
<latexit sha1_base64="dE9Vqj8AaAQjvinnVjuhzqxBl+8=">AAACAnicbVDLSsNAFL3xWesr6krcDBahq5K4qC4LbrqsYB/QhDKZTNqhk4czE6FNixt/xY0LRdz6Fe78G6dpF9p64MLhnHu59x4v4Uwqy/o21tY3Nre2CzvF3b39g0Pz6Lgl41QQ2iQxj0XHw5JyFtGmYorTTiIoDj1O297wZua3H6iQLI7u1Cihboj7EQsYwUpLPfPUycbICZmPnMnYmfQs5HB6j4bOtGeWrIqVA60Se0FKtTLkaPTML8ePSRrSSBGOpezaVqLcDAvFCKfTopNKmmAyxH3a1TTCIZVulr8wRRda8VEQC12RQrn6eyLDoZSj0NOdIVYDuezNxP+8bqqCazdjUZIqGpH5oiDlSMVolgfymaBE8ZEmmAimb0VkgAUmSqdW1CHYyy+vktZlxa5Wqrc6jfo8DSjAGZxDGWy4ghrUoQFNIPAIz/AKb8aT8WK8Gx/z1jVjMXMCf2B8/gDHE5cc</latexit>

{z | ∥z∥0 ≤ k}

relax-round-polish

generalizes


convex relaxations

all steps can be 

included in the 


verification problem!

what about relaxing

and rounding schemes? 

<latexit sha1_base64="7ALDXLMppRV77nxnl8no+TUEiSo="></latexit>

min (1/2)kAz � xk22 + �kzk1step 1: solve a 

convex relaxation  

Diamond et al. 17

step 2: round 

(non-convex projection)

step 3: polish the

continuous variables

relax-round-polish  
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Sparse coding

13

reconstructed 

signalsignal reconstructionnoisy 


measurement
<latexit sha1_base64="EFzd2TNXaj/WkZwm7ehFkC6bisE=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSahxHRXcNNlC/YBbSiT6aQdO5mEmYlYQr/AjQtF3PpJ7vwbpw9BRQ9cOJxzL/feE6acKY3Qh1XY2Nza3inulvb2Dw6PyscnHZVkktA2SXgieyFWlDNB25ppTnuppDgOOe2G0+uF372jUrFE3OhZSoMYjwWLGMHaSK37YbmC7JrruTUPIrvqIN9HhjjIcX0XOjZaogLWaA7L74NRQrKYCk04VqrvoFQHOZaaEU7npUGmaIrJFI9p31CBY6qCfHnoHF4YZQSjRJoSGi7V7xM5jpWaxaHpjLGeqN/eQvzL62c68oOciTTTVJDVoijjUCdw8TUcMUmJ5jNDMJHM3ArJBEtMtMmmZEL4+hT+Tzqu7Xi216pW6o11HEVwBs7BJXDAFaiDBmiCNiCAggfwBJ6tW+vRerFeV60Faz1zCn7AevsEUCSNUg==</latexit>x

<latexit sha1_base64="aL8Hr1IGT0YufZcoEOHrhZxtTzE=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCl6Y1BPBG4oUjJgJGqGS7bGHDdtvsbo1I+BdePGiMV/+NN/+NCzRG0ZdM8vLeTGbm+TFnSjvOp5VZWV1b38hu5ra2d3b38vsHLRUlktAmiXgkr32sKGeCNjXTnF7HkuLQ57Ttjy5mfvuOSsUicaXHMfVCPBAsYARrI9083HaVxrJ4f9rLFxzbmQM5dqlScs+r6FtxU1KAFI1e/qPbj0gSUqEJx0p1XCfW3gRLzQin01w3UTTGZIQHtGOowCFV3mR+8RSdGKWPgkiaEhrN1Z8TExwqNQ590xliPVTL3kz8z+skOqh6EybiRFNBFouChCMdodn7qM8kJZqPDcFEMnMrIkMsMdEmpJwJwV1++S9pndlu2S5flgq1ehpHFo7gGIrgQgVqUIcGNIGAgEd4hhdLWU/Wq/W2aM1Y6cwh/IL1/gVl15DH</latexit>

z?(x)
<latexit sha1_base64="uSBnsKZc+MNXqFfzNsRg7631PnI="></latexit>

minimize (1/2)kAz � xk22
subject to kzk0  k

verification can help in 

design (picking hyperparameters)

a large gap between verified 

result and sample maximum 


(verification induces ties)<latexit sha1_base64="cut6J/7iwt6ddu6xszQ8zRwoTkM=">AAACGXicbVDLSsNAFL2pr1pfUZdugkXoQkrSatNlwU2XFewDmlAmk2k7dPJgZiKU0N9w46+4caGIS135N07TCtp6YOBw7rmPOV7MqJCm+aXlNja3tnfyu4W9/YPDI/34pCOihGPSxhGLeM9DgjAakrakkpFezAkKPEa63uRmXu/eEy5oFN7JaUzcAI1COqQYSSUNdDN1siF9PvLc1CybGS7Ncq1ardvXilzZdt2uzBymhvpoNtCLPy5jnVhLUmyUIENroH84foSTgIQSMyRE3zJj6aaIS4oZmRWcRJAY4Qkakb6iIQqIcNPsqJlxoRTfGEZcvVAamfq7I0WBENPAU84AybFYrc3F/2r9RA7rbkrDOJEkxItFw4QZMjLmMRk+5QRLNlUEYU7VrQYeI46wVGEWVAjW6pfXSadStmrl2q1Ko7lIA/JwBudQAgtsaEATWtAGDA/wBC/wqj1qz9qb9r6w5rRlzyn8gfb5DeXpnTA=</latexit>

λbest



may not 

be feasible!

Verifying feasibility of subproblems

14

example
<latexit sha1_base64="VAgQ3C8uKYMaEEMAhtvgh6DEwsU="></latexit>

min wTPw + cTw
s.t. Aw +Bv  d, v 2 {0, 1}dv

feasibility detection: 

use the Farkas lemma 


in the verification problem!

what if a subproblem 

is infeasible? 

verification solution gives 

a feasibility or 


infeasibility certificate

step 1: solve a 

convex relaxation  

Diamond et al. 17

step 2: round 

(non-convex projection)

step 3: polish the

continuous variables

relax-round-polish  

relax binary vars and solve LP

round binary vars <latexit sha1_base64="qxHRt7lYIY0erNzmtaUcW10mGP0=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqex6UC9CwUuPFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL0wEN9bzvlFhY3Nre6e4W9rbPzg8Kh+ftEycasqaNBax7oTEMMEVa1puBeskmhEZCtYOx/dzvz1h2vBYPdppwgJJhopHnBLrpKdeSHQ2meG7frniVb0F8Drxc1KBHI1++as3iGkqmbJUEGO6vpfYICPacirYrNRLDUsIHZMh6zqqiGQmyBYHz/CFUwY4irUrZfFC/T2REWnMVIauUxI7MqveXPzP66Y2ug0yrpLUMkWXi6JUYBvj+fd4wDWjVkwdIVRzdyumI6IJtS6jkgvBX315nbSuqv519frBq9TqeRxFOINzuAQfbqAGdWhAEyhIeIZXeEMavaB39LFsLaB85hT+AH3+AIIRkD0=</latexit>

v̄ =

<latexit sha1_base64="2Cr4LCwpFVIE7IyRq2VSn03MMXk="></latexit>

min wTPw + cTw
s.t. Aw +Bv  d, v = v̄

polish continuous vars 



Hybrid vehicle control

15

for some parameter ranges,

we can verify feasibility 


of the polish step

<latexit sha1_base64="3fqVI4JEUShu3jcioZTaNKvsjaU="></latexit>

minimize (ET � Emax)2 +
PT�1

t=0 ↵(P eng
t )2

subject to Et+1 = Et � ⌧P batt
t

P batt
t + P eng

t = P load
t

Emin  Et  Emax

0  P eng
t  ztPmax

zt 2 {0, 1}

load
engine use

battery use
<latexit sha1_base64="7LHaFE6DCnveAxn7E9BFFzFtJPA="></latexit>

P load
t

<latexit sha1_base64="VwrI24OJdQ88cNx2lyVfqj5XczY=">AAACH3icbVDLSgMxFL3js9ZX1aWbYBFcSJmR0tZdwU2XFewD2rFk0rQNzWSGJCOUYf7Ejb/ixoUi4q5/YzptQVsPXDicc29y7/FCzpS27am1sbm1vbOb2cvuHxweHedOTpsqiCShDRLwQLY9rChngjY005y2Q0mx73Ha8sZ3M7/1RKVigXjQk5C6Ph4KNmAEayP1cqW4mz7SkUPPje2CneLaLhTLRee2cr1Ukvpj3JU+omKY9HTSy+WXDlonzoLkq1eQot7LfXf7AYl8KjThWKmOY4fajbHUjHCaZLuRoiEmYzykHUMF9qly43S1BF0apY8GgTQlNErV3xMx9pWa+J7p9LEeqVVvJv7ndSI9qLgxE2GkqSDzjwYRRzpAs7BQn0lKNJ8YgolkZldERlhiok2kWROCs3ryOmneFJxSoXRv0qjN04AMnMMFXIEDZahCDerQAALP8Arv8GG9WG/Wp/U1b92wFjNn8AfW9AdsvJ+b</latexit>

P eng
t

<latexit sha1_base64="Ji5V/eCXzohYp6Kh+YNTpWzaZ78=">AAACIHicbVDLSgMxFL3js9ZX1aWboAguyjAjpa27gpsuK9gqTMeSSdMazDxI7ghl6Ke48VfcuFBEd/o1ptMKaj0kcDjn3pubEyRSaHScD2thcWl5ZbWwVlzf2NzaLu3sdnScKsbbLJaxugqo5lJEvI0CJb9KFKdhIPllcHs28S/vuNIiji5wlHA/pMNIDASjaKReqZZ18yGeGgZ+5thOjrJjV2oV97Re/lbGreusq0ISUMRxz5zS4bdF5ok7I4eNY8jR6pXeu/2YpSGPkEmqtec6CfoZVSiY5ONiN9U8oeyWDrlnaERDrv0s321MjozSJ4NYmRshydWfHRkNtR6FgakMKd7ov95E/M/zUhzU/UxESYo8YtOHBqkkGJNJWqQvFGcoR4ZQpoTZlbAbqihDk2nRhOD+/fI86ZzYbtWunps0mtM0oAD7cADH4EINGtCEFrSBwT08wjO8WA/Wk/VqvU1LF6xZzx78gvX5BU28oBY=</latexit>

P batt
t

<latexit sha1_base64="EOrG50h/O4ifqBrZw30CsIWjrlQ=">AAACFXicbVDLSgMxFL3js9bXqEs3wSJ0UcqMlLbuCiJ0WcE+oB1KJk3b0MyDJCOUYX7Cjb/ixoUibgV3/o3ptAVtPRA4Oefem5vjhpxJZVnfxsbm1vbObmYvu39weHRsnpy2ZBAJQpsk4IHouFhSznzaVExx2gkFxZ7Ladud3Mz89gMVkgX+vZqG1PHwyGdDRrDSUt8sxL10SFeMXCe2ilaKglUsVUr2dbWwVJLbvkr6Zm55R+vEXpBcLQ8pGn3zqzcISORRXxGOpezaVqicGAvFCKdJthdJGmIywSPa1dTHHpVOnC6UoEutDNAwEPr4CqXq744Ye1JOPVdXeliN5ao3E//zupEaVp2Y+WGkqE/mDw0jjlSAZhGhAROUKD7VBBPB9K6IjLHAROkgszoEe/XL66R1VbTLxfKdTqM+TwMycA4XkAcbKlCDOjSgCQQe4Rle4c14Ml6Md+NjXrphLHrO4A+Mzx9o5ZtB</latexit>

Et

<latexit sha1_base64="LWKs3/IEWv4QZqxQzhDe7S0L9Bs="></latexit>

P low ≤ P load
t ≤ P high

parameter set
<latexit sha1_base64="1lMY389b3F9X9+XFxLx7hRAIhdA=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQuqsuCmy4r2Ae0oUymk3boZBJmboQS+hluXCji1q9x5984abPQ1gMDh3PuZc49QSKFQdf9dkpb2zu7e+X9ysHh0fFJ9fSsa+JUM95hsYx1P6CGS6F4BwVK3k80p1EgeS+Y3ed+74lrI2L1iPOE+xGdKBEKRtFKg2FEccqozPqLUbXm1t0lyCbxClKDAu1R9Ws4jlkacYVMUmMGnpugn1GNgkm+qAxTwxPKZnTCB5YqGnHjZ8vIC3JllTEJY22fQrJUf29kNDJmHgV2Mo9o1r1c/M8bpBje+ZlQSYpcsdVHYSoJxiS/n4yF5gzl3BLKtLBZCZtSTRnaliq2BG/95E3Sval7jXrjwa01W0UdZbiAS7gGD26hCS1oQwcYxPAMr/DmoPPivDsfq9GSU+ycwx84nz+XYZF7</latexit>

X

feasibility verified
infeasibility verified 0.0 0.2 0.4 0.6 0.8 1.0

P load
ub

0.0
0.2
0.4
0.6
0.8
1.0

P
lo

ad
lb

¢E = 0.0

0.0 0.2 0.4 0.6 0.8 1.0

P load
ub

0.0
0.2
0.4
0.6
0.8
1.0

¢E = 0.5

0.0 0.2 0.4 0.6 0.8 1.0

P load
ub

0.0
0.2
0.4
0.6
0.8
1.0

¢E = 1.0
<latexit sha1_base64="Ef6ScyeOj8EcgxNyVB6YerSt+dU=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKex6iB4DXnKMYB6wWcPsZJIMmccyM6uEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090VJ5wZ6/vfXmFjc2t7p7hb2ts/ODwqH5+0jUo1oS2iuNLdGBvKmaQtyyyn3URTLGJOO/Hkdu53Hqk2TMl7O01oJPBIsiEj2DopbD5kPS0QV0+zfrniV/0F0DoJclKBHM1++as3UCQVVFrCsTFh4Cc2yrC2jHA6K/VSQxNMJnhEQ0clFtRE2eLkGbpwygANlXYlLVqovycyLIyZith1CmzHZtWbi/95YWqHN1HGZJJaKsly0TDlyCo0/x8NmKbE8qkjmGjmbkVkjDUm1qVUciEEqy+vk/ZVNahVa3d+pd7I4yjCGZzDJQRwDXVoQBNaQEDBM7zCm2e9F+/d+1i2Frx85hT+wPv8AUivkUg=</latexit> P

lo
w

<latexit sha1_base64="0/0OAiTdnL5fUinU6oAMQ7pQ2ok=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0k8tB4LXnqsYD+giWWz3TRLdzdhdyOU0L/hxYMiXv0z3vw3btsctPXBwOO9GWbmhSln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnPZ1kitAuSXiiBiHWlDNJu4YZTgepoliEnPbD6d3C7z9RpVkiH8wspYHAE8kiRrCxkt95zH0lUMwm8XxUrbl1dwm0SbyC1KBAZ1T98scJyQSVhnCs9dBzUxPkWBlGOJ1X/EzTFJMpntChpRILqoN8efMcXVlljKJE2ZIGLdXfEzkWWs9EaDsFNrFe9xbif94wM9FtkDOZZoZKsloUZRyZBC0CQGOmKDF8ZgkmitlbEYmxwsTYmCo2BG/95U3Su6l7jXrj3q212kUcZbiAS7gGD5rQgjZ0oAsEUniGV3hzMufFeXc+Vq0lp5g5hz9wPn8A59uRoA==</latexit>

P high



Connection to neural network verification
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neural network  
verification

sequential convex  
programming verification

input

worst-case  
guarantee

computation  
steps linear + ReLU steps 

predicted class (panda)  
doesn’t change for 


any perturbation

uncertainty  
set

problem instance 
with parameter <latexit sha1_base64="bNHDO/MAlILIuKShFSwXipMHyv0=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7FtHOgE3KBMwFkhBmJ2eTMbOzy8ysGJaUVjYWitj6FHkKCzufwZdwcik08YeBj/8/hznneBFnSjvOl5VaWV1b30hvZra2d3b3svsHNRXGkmKVhjyUDY8o5ExgVTPNsRFJJIHHse4Nrid5/Q6lYqG40cMI2wHpCeYzSrSxKvedbM7JO1PZy+DOIXf1Ma58PxyPy53sZ6sb0jhAoSknSjVdJ9LthEjNKMdRphUrjAgdkB42DQoSoGon00FH9qlxurYfSvOEtqfu746EBEoNA89UBkT31WI2Mf/LmrH2L9sJE1GsUdDZR37MbR3ak63tLpNINR8aIFQyM6tN+0QSqs1tMuYI7uLKy1A7z7uFfKHi5IolmCkNR3ACZ+DCBRShBGWoAgWER3iGF+vWerJerbdZacqa9xzCH1nvP8iRkWU=</latexit>x

worst-case performance

algorithm steps 

set of possible

parameters 

<latexit sha1_base64="Sa5BTP/Hh1A884UuwaMgvILd7gc=">AAAB8nicbVDLSsNAFL2pr1pfVZeCBIvgqiQuqjsLbrpswT4gDWUynbRDJzNhZiKU0KWf4MaFIm79gH6FC3d+gz/hpO1CWw9cOJxzL/fcG8SMKu04X1ZubX1jcyu/XdjZ3ds/KB4etZRIJCZNLJiQnQApwignTU01I51YEhQFjLSD0W3mt++JVFTwOz2OiR+hAachxUgbyetGSA8xYmln0iuWnLIzg71K3AUp3XxMG98Pp9N6r/jZ7QucRIRrzJBSnuvE2k+R1BQzMil0E0VihEdoQDxDOYqI8tNZ5Il9bpS+HQppimt7pv6eSFGk1DgKTGcWUS17mfif5yU6vPZTyuNEE47ni8KE2VrY2f12n0qCNRsbgrCkJquNh0girM2XCuYJ7vLJq6R1WXYr5UrDKVVrMEceTuAMLsCFK6hCDerQBAwCHuEZXixtPVmv1tu8NWctZo7hD6z3H3WZldc=</latexit>

X
<latexit sha1_base64="UZbxPpgWGa90nldd9joeW+Q2b80="></latexit>

X = {x̄ | kx̄� x0k1  �}
base image deviation

Tjeng et al. 17
Ceccon et al. 22
Anderon et al. 20

Fazlyab et al. 19, 22

Wang et al. 21
Albarghouthi 21 this work
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traditional function-class view

one-size fits all
pen-and-paper analysis

limited (local) guarantees

parametric structure can be exploited
verification obtains exact global worst-case guarantees

suboptimality, constraint violation, subproblem feasibility

Conclusion

new parametric view
computer-assisted analysis

exact global guarantees
family-specific

applies to many SCP algorithms, relaxing+rounding schemes 
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