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Robotics and control

Energy

Fixed-point problems need solutions in real-time
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Machine learning

Signal processing

<latexit sha1_base64="uyWKfeMlNCDcR6/ykTOD0CD1+mo="></latexit>

find z such that z = T (z)Fixed-point problem:



Can machine learning speed up parametric optimization?
Often, we solve parametric fixed-point problems from the same family
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<latexit sha1_base64="jtSJ3GDn09o6JtofHdK/mztT3Rw="></latexit>

find z such that z = T✓(z)

Parameter
Goal: Do mapping efficiently

Optimal solution
<latexit sha1_base64="asKySQTCVYVzZLusJwh/qxmuVyY="></latexit>

z!(θ)

Accurate 
Slow to computeOnly Optimization

<latexit sha1_base64="SXU7QaEDfdaMsjcTleETJQC49NI="></latexit>

ẑ(θ)

Inaccurate 
Fast to computeOnly Machine Learning

<latexit sha1_base64="SXU7QaEDfdaMsjcTleETJQC49NI="></latexit>

ẑ(θ)

Goals: Accurate 
 Fast to computeOptimization + Machine Learning

<latexit sha1_base64="SXU7QaEDfdaMsjcTleETJQC49NI="></latexit>

ẑ(θ)



Many optimization algorithms are fixed-point iterations
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<latexit sha1_base64="NqsJIHD1MxshT3Ho3cpVFbVYRJM="></latexit>

Fixed-point iterations: zi+1 = T✓(zi)

Used to solve: Lasso

Problem: limited iteration budget

<latexit sha1_base64="MGlLfsl6sd8/hO8YU5z14OLQ8pk="></latexit>

proxs(v) = argmin
x

✓
s(x) +

1

2
kx� vk22

◆
<latexit sha1_base64="+wFCYtlU3MJHL4VMIwReM5vYbZM="></latexit>

zi+1 = proxαhθ
(zi − α∇gθ(z

i))Iterates

<latexit sha1_base64="xR+woV8BYWTa4Z5RFpim+sXrEFI="></latexit>

Tθ(z) = proxαhθ
(z − α∇gθ(z))Operator

<latexit sha1_base64="JezTPwAcVTU0Ihs1i+Mugco7p5c="></latexit>

Initialize with z0 (a warm-start)
Fixed point residual

<latexit sha1_base64="TxFE4Bp4CXu2l0nyXmcFinfge90="></latexit>

Terminate when f✓(zi) = kT✓(zi)� zik2 is small

<latexit sha1_base64="aeA1ooygv5UHtQsWTii9psTc8mw="></latexit>

Solution: learn the warm-start to
improve the solution within budget

Example: Proximal gradient descent

Convex

Smooth

Convex

Non-smooth

<latexit sha1_base64="ZwCMx/lsgtZkkvLdjpKT5K13PTs="></latexit>

minimize g✓(z) + h✓(z)



Learning Framework
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End-to-end learning architecture
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End-to-end learning scheme
Ground truth solutionLoss function:

<latexit sha1_base64="Sdy0ZWPQCszxqxfzbkZjbY8zPXA="></latexit>

!θ(z) = ‖z − z"(θ)‖2

<latexit sha1_base64="pni7zQUZlPdJTQ4Yi64scDHwy3g="></latexit>

`✓

<latexit sha1_base64="gGs4tLiN3kheO9PJ+mA631gZ9iA="></latexit>

Learn with rw`✓ through the fixed point steps
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loss function
✓
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architecture
<latexit sha1_base64="xCchef3iu9udd5Yy8gvPfH8OTfs="></latexit>

Neural network
with weights w <latexit sha1_base64="AoZsu6TPbpqwYZWvpAFzShR0hYA="></latexit>

T k
θ (pw(θ))

<latexit sha1_base64="k7L+N5OI+a4Mgj6wPAXyLRfzUOU="></latexit>

k fixed
point steps

Parameter <latexit sha1_base64="ioDgyw70OZtcXNCQPrRgaqc9Ha8="></latexit>

pw(θ)
warm-start



Run proximal gradient descent to solve
Optimal solution at the origin

Some warm-starts are better than others
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<latexit sha1_base64="5M7t9xdhl1bw55fbsXNhsrUstiw="></latexit>

minimize 10z21 + z22
subject to z � 0

All three warm-starts are equally  
suboptimal but converge  

at very different rates



Convergence and Generalization 
Bounds
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Major benefit of learned warm-starts: fixed-point iterations always converge 

Guaranteed convergence independent of warm-start
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Linearly  
convergent

Averaged

Contractive

Upcoming generalization guarantees depend on the case

<latexit sha1_base64="lnEZBqff7D4DAcdHXS6WVLCm79w="></latexit>

Operator cases for T✓



e.g.,
<latexit sha1_base64="IpE3IqMdCZJLad+pQ9nAxdWIrpA="></latexit>

Contractive case: f✓(T t
✓(z))  2�t�k`✓(T k

✓ (z))

Generalization bounds: train for k, evaluate for t

11

Yes

<latexit sha1_base64="SQhZlvFgBOq7XZY04acpVQB+jPE="></latexit>

Operator f✓(T t
✓(z))

`✓(T k
✓ (z))

bound

�-contractive 2�t�k

�-linearly convergent 2�t�k

↵-averaged
q

↵
(1�↵)(t�k+1)

<latexit sha1_base64="ECaaI4SvbqgrydL+Uk6husoB/w4="></latexit>

Train with k steps

<latexit sha1_base64="nkpnLx5j72VxzCOM5rwI4n0YzN4="></latexit>

k

<latexit sha1_base64="F738r1/XrSxecTYL2yl3xU0G57c="></latexit>

Loss: `✓(z) = kz � z?(✓)k2

Number of  
fixed-point steps

0
<latexit sha1_base64="rPiLU7CE3Cc+ov4c3vXzuNMnu64="></latexit>

Budget is t steps

<latexit sha1_base64="d/vB/+JpYntt2QO5+mt5KcU21hU="></latexit>

t

<latexit sha1_base64="7ylVwC2NaCZlT6z+E52yMcBf/1I="></latexit>

Goal: min f✓(z) = kT✓(z)� zk2

<latexit sha1_base64="QQlGll57Dk8taE5fBLdbuz4/A4A="></latexit>

Can we bound the fixed point residual
after t fixed-point steps?

We can get guarantees on future iterations



Penalty termEmpirical risk
Risk

Generalization bounds: unseen data
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Derived from the PAC-Bayes framework
Non-contractive case: we provide similar bounds

<latexit sha1_base64="4swL90d4BZImEEPHCOVvxSkgd68="></latexit>

Theorem 1. With high probability over a training set of size N , for any �,

Ef✓(T
t
✓(pw(✓)) 

1

N

NX

i=1

f✓i(T
t
✓i(pw(✓i)) + 2�t� +O

 
c1(t)

s
c2(w) + log(LN

� )

�2N

!

<latexit sha1_base64="TKijWQ/wos5DtntOhDyao7Ltn4I="></latexit>

�-contractive case

<latexit sha1_base64="cEsMxelI95/TUkzf1kz6xLvLC20="></latexit>

c1(t): worst-case fixed-point residual after t steps
<latexit sha1_base64="+pW4K3oBrUd3KjgGNl3kyDpYhFQ="></latexit>

As N ! 1, the penalty term goes to zero
<latexit sha1_base64="ZS50LSI0Dq4gSGNgBu56Ge6RInE="></latexit>

As t ! 1, the penalty term goes to zero



Numerical Experiments
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We evaluate the gain over a cold-start
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Baseline initializations

Metrics plotted
1. Fixed-point residual

1. Cold-start: initialize at zero
2. Nearest neighbor: initialize with solution of nearest training problem

Cold-start<latexit sha1_base64="+Xkuyqj7bLBMsSYHoaKbwtIy8aw="></latexit>

gain =
fθ(T t

θ(0)

fθ(T t
θ(pw(θ))

Learned warm-start

2. Gain over the cold-start



Sparse PCA
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<latexit sha1_base64="ret+4p5j1XsTNb44ahK6xTrRzX4="></latexit>

θ = vec(A)

<latexit sha1_base64="OXcDiWYK2chQ4oRXROaWC8pSP0M="></latexit>

maximize Tr(AX)

subject to Tr(X) = 1

1T |X|1  c

X ⌫ 0

Semidefinite relaxationNon-convex problem
<latexit sha1_base64="d4M+cLm8rZS38lzLrZXrFpxUZqw="></latexit>

maximize xTAx

subject to kxk2  1

Card(x)  c

Applications such as streaming  
data-analysis need quick solutions



Sparse PCA results

16Picking k > 0 is essential to improve convergence 

<latexit sha1_base64="AdqvOYApmXMcAsiXHw+2UA6snZ0="></latexit>

k = 15

<latexit sha1_base64="XPOwKf1iAJvkrsSkuh27pMghZQQ="></latexit>

k = 5

<latexit sha1_base64="FmSAcsFAZ8A4QlNlhEBmyyHuV5U="></latexit>

k = 0
Learned

Baselines
Cold-start
Nearest neighbor

Different initializations
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Robust Kalman filtering
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Optimal solution
Noisy trajectory

<latexit sha1_base64="xW6rhzn7dMZOusNAmlHexuo9B8E="></latexit>

{xt}Tt=0

<latexit sha1_base64="OpchaUXzFKcess060G0sm1OTIqk="></latexit>

{yt}Tt=0

<latexit sha1_base64="wmBayszewVHXzNJoCdga7+f4ru0="></latexit>

θ = {yt}T−1
t=0

<latexit sha1_base64="x6qn6cmi2SxSZKdSKfDHj8XSym4="></latexit>

Dynamics matrices: A,B
<latexit sha1_base64="SzOUyJT1giHqFnGMFhahQlj5+4I="></latexit>

Observation matrix: C

<latexit sha1_base64="Wwp7SMAT2NLYfWPZAX7ULaDYTA4="></latexit>

 ⇢(a) =

(
kak2 kak2  ⇢

2⇢kak2 � ⇢2 kak2 � ⇢

Robustifying against outliers

<latexit sha1_base64="8FyCLUWF7FcJJUwvWLYsCmJwKmg="></latexit>

minimize
PT�1

t=1 kwtk22 + µ ⇢(vt)

subject to xt+1 = Axt +Bwt t = 0, . . . , T � 1

yt = Cxt + vt t = 0, . . . , T � 1

Second-order cone program

Applications such as GPS and robot tracking need real-time solutions



Robust Kalman filtering results
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k = 15

<latexit sha1_base64="XPOwKf1iAJvkrsSkuh27pMghZQQ="></latexit>

k = 5

<latexit sha1_base64="FmSAcsFAZ8A4QlNlhEBmyyHuV5U="></latexit>

k = 0
Learned
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<latexit sha1_base64="ZkedlGcVoNFbcZX7naQqaddx1PY="></latexit>

Small k: fails to generalize to more steps
<latexit sha1_base64="pJTDfDKf/7gmRUhpOsVMD4NBN60="></latexit>

Large k: fails to generalize to unseen data Sweet spot in the middle



Robust Kalman filtering visuals
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Optimal solution
Noisy trajectory

Previous solution
Nearest neighbor

Solution after 5 fixed-point steps 

with different initializations

With learning, we can estimate the state well <latexit sha1_base64="eiiy3MPLpYNipOlONEg/uY5+j/8="></latexit>

Learned: k = 5



Linearized dynamics

<latexit sha1_base64="/zw0eHKPrD+5E9f8+5OtDmczXfg="></latexit>

minimize (xT � xref
T )TQT (xT � xref

T ) +
PT�1

t=1 (xt � xref
t )TQ(xt � xref

t ) +
PT�1

t=0 uT
t Rut

subject to xt+1 = Axt +But

umin  ut  umin

xmin  xt  xmax

|ut+1 � ut|  �u

x0 = xinit

u�1 = uprev

Quadratic program

Model predictive control (MPC) of a quadcopter

20

<latexit sha1_base64="O12NGrtgPe01XoUyHlOfCDkdBRo="></latexit>

θ = (xinit, uprev, x
ref
1 , . . . , xref

T )

MPC main idea: solve problem over finite horizon,  
implement first control, repeat

Flying safely requires real-time solutions



MPC of a quadcopter in a closed loop
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Nearest neighbor Previous solution

Budget of 5 fixed-point steps

With learning, we can track the trajectory well

<latexit sha1_base64="U1njkXpRsAahl4/s04EZxEje6FM="></latexit>

Learned: k = 5



22rajivsambharya.github.io

rajivs@princeton.edu

Paper coming out in August!

Earlier paper on quadratic programs

5th Conference on Learning for 

Dynamics and Control, 2023

Benefits of our learning framework

Guaranteed convergence 

Generalization to
Future iterations
Unseen data

Can interface with state-of-the-art solvers

Quadratic programs Conic programs

End-to-end learning: warm-start predictions 

tailored to downstream algorithm 

<latexit sha1_base64="pni7zQUZlPdJTQ4Yi64scDHwy3g="></latexit>

`✓
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Learn with rw`✓ through the fixed point steps
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loss function
✓
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architecture
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Neural network
with weights w
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pw(θ)
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T k
θ (pw(θ))
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k fixed
point steps
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