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Tracking a reference trajectory with a quadcopter
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Model predictive controller

Optimal 

controls

Current state,

reference trajectory

<latexit sha1_base64="BY4pYoFuoVW6BVcMoNkWFofMCGE="></latexit>

minimize
PT

t=1(xt � xref
t )TQ(xt � xref

t )

subject to xt+1 = Axt +But

xt 2 X , ut 2 U
x0 = xinit

Model predictive control



Challenge: we need faster methods to solve optimization problems
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Robotics and control

We sometimes need solutions in ~10 milliseconds or less



Claim: Real-world optimization is parametric

4

Robotics and control

Energy Machine learning

Signal processing



Only Machine Learning
<latexit sha1_base64="TUur+Jwu9G2F7KuejN3KgR2HAzw="></latexit>

ẑML(✓)

Optimization         Machine Learning
<latexit sha1_base64="ymNSBGezaUu3Hhtez76Vl2F7yZk="></latexit>

ẑOpt/ML(✓)

Only Optimization
<latexit sha1_base64="bsBg5hvJKrVvD06RH+aXRQGl58c="></latexit>

ẑOpt(✓)

Can machine learning speed up parametric optimization?
Often, we solve parametric optimization problems from the same family
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Parameter
Goal: Do mapping quickly and accurately

Optimal solution
<latexit sha1_base64="asKySQTCVYVzZLusJwh/qxmuVyY="></latexit>

z!(θ)

<latexit sha1_base64="fy2e/1F8Sl0hVPBPQRKFGbBKoKM="></latexit>

minimize f✓(z)

subject to g✓(z)  0



Learning to Optimize

6



The learning to optimize paradigm
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Offline
Data collection

✓

Parameters

Goal: solve the parametric 

optimization problem fast

<latexit sha1_base64="fy2e/1F8Sl0hVPBPQRKFGbBKoKM="></latexit>

minimize f✓(z)

subject to g✓(z)  0

Optimal 

solutions

<latexit sha1_base64="ESsRIwcNxGH4JJIAKq/Dr7IpF10="></latexit>

z?
Solve

✓ Loss

Training 

parameter

Candidate 

solution

<latexit sha1_base64="mc+zvDsr75m+P/YlL9jo18pDAaI="></latexit>

ẑ(✓)

Training

Learnable Optimizer

Learn

✓

Unseen 

parameter

Online evaluation Deploy

High-quality 

solution

Classical Optimizer

Learned Optimizer



Learning to optimize is a growing research area
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Convex optimization Integer programmingInverse problems

Excellent tutorials
Learning to Optimize: A Primer and a Benchmark (Chen et. al 2021)
Tutorial on Amortized Optimization (Amos 2022)

(Gregor and LaCun 2010) (Venkataraman and Amos 2021)
(Ichnowski et. al 2021)(Liu et. al 2018)

(Heaton et. al 2020)(Wu et. al 2020)
(Jung et. al 2022)



Issues in learning to optimize (L2O) methods

• I: Lack convergence guarantees 

• II: Lack generalization guarantees 

• III: Incompatibility with state-of-the-art solvers
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We need reliable L2O methods



L2O Challenge I: Convergence guarantees
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Solver with 

convergence

Parameter ✓

<latexit sha1_base64="asKySQTCVYVzZLusJwh/qxmuVyY="></latexit>

z!(θ)Solution

Parameter ✓

Poor candidate solution

Learned solver 

w/out convergence



L2O Challenge II: Generalization guarantees
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To unseen problems



L2O Challenge III: Incompatibility with state-of-the-art solvers
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Existing state-of-the-art solvers are highly optimized

When learning the algorithm steps, we cannot use these solvers

Written in low-level languages



Learning to Warm-Start Fixed-
Point Optimization Algorithms
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Fixed-point optimization problems are ubiquitous
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Parametric fixed-point problem:

Convex optimization

<latexit sha1_base64="IQFcBMrYT7lgqbN/9L/TS4PjjCM="></latexit>

find z such that z = T✓(z)

Unconstrained, smooth convex optimization

<latexit sha1_base64="Vg4PubrJG8SaoxXFmC/UgU4nF8g="></latexit>

minimize f✓(z)

Smooth, convex

Problem Optimality conditions
<latexit sha1_base64="y99l4s61BSU6HunqaLqqwpM3FR4="></latexit>

rf✓(z) = 0
<latexit sha1_base64="oDZYpTPQCnXlnW136DNua+dzkwI="></latexit>

T✓(z) = z � ↵rf✓(z)

Fixed-point operator

Fixed-point operatorOptimality conditions
(KKT conditions)

Problem
<latexit sha1_base64="fy2e/1F8Sl0hVPBPQRKFGbBKoKM="></latexit>

minimize f✓(z)

subject to g✓(z)  0



Many optimization algorithms are fixed-point iterations
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<latexit sha1_base64="NqsJIHD1MxshT3Ho3cpVFbVYRJM="></latexit>

Fixed-point iterations: zi+1 = T✓(zi)

Problem: limited iteration budget

<latexit sha1_base64="MGlLfsl6sd8/hO8YU5z14OLQ8pk="></latexit>

proxs(v) = argmin
x

✓
s(x) +

1

2
kx� vk22

◆
<latexit sha1_base64="+wFCYtlU3MJHL4VMIwReM5vYbZM="></latexit>

zi+1 = proxαhθ
(zi − α∇gθ(z

i))Iterates

<latexit sha1_base64="xR+woV8BYWTa4Z5RFpim+sXrEFI="></latexit>

Tθ(z) = proxαhθ
(z − α∇gθ(z))Operator

<latexit sha1_base64="JezTPwAcVTU0Ihs1i+Mugco7p5c="></latexit>

Initialize with z0 (a warm-start)
Fixed point residual

<latexit sha1_base64="TxFE4Bp4CXu2l0nyXmcFinfge90="></latexit>

Terminate when f✓(zi) = kT✓(zi)� zik2 is small

<latexit sha1_base64="aeA1ooygv5UHtQsWTii9psTc8mw="></latexit>

Solution: learn the warm-start to
improve the solution within budget

Example: Proximal gradient descent

Convex

Smooth

Convex

Non-smooth

<latexit sha1_base64="ZwCMx/lsgtZkkvLdjpKT5K13PTs="></latexit>

minimize g✓(z) + h✓(z)



Run proximal gradient descent to solve

Optimal solution at the origin

Some warm-starts are better than others
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<latexit sha1_base64="5M7t9xdhl1bw55fbsXNhsrUstiw="></latexit>

minimize 10z21 + z22
subject to z � 0

All three warm starts appear to be  
equally suboptimal but converge  

at very different rates
z?

0 20 40
evaluation iterations
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Learning Framework
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End-to-end learning architecture
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Learned warm start tailored for downstream algorithm

Ground truth solutionLoss function:
<latexit sha1_base64="Sdy0ZWPQCszxqxfzbkZjbY8zPXA="></latexit>

!θ(z) = ‖z − z"(θ)‖2

<latexit sha1_base64="pni7zQUZlPdJTQ4Yi64scDHwy3g="></latexit>

`✓

<latexit sha1_base64="gGs4tLiN3kheO9PJ+mA631gZ9iA="></latexit>

Learn with rw`✓ through the fixed point steps

<latexit sha1_base64="xCchef3iu9udd5Yy8gvPfH8OTfs="></latexit>

Neural network
with weights w <latexit sha1_base64="AoZsu6TPbpqwYZWvpAFzShR0hYA="></latexit>

T k
θ (pw(θ))

<latexit sha1_base64="k7L+N5OI+a4Mgj6wPAXyLRfzUOU="></latexit>

k fixed
point steps✓

Parameter warm start

Learnable Optimizer
Loss


function<latexit sha1_base64="Cnx4jAWJsgkP++yB++RLEcu0peY="></latexit>

pw(✓)



An example architecture
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<latexit sha1_base64="9UwbBQPQPo/scU1D+Ce8z67iEHI="></latexit>

minimize 1/2zTPz + ✓T z

subject to z � 0

Computational Graph

Linear components

Non-linear components

Learnable components
<latexit sha1_base64="iT7HcUa8T2Vv0Fj+WHwe7SmMBew="></latexit>

W1, b1,W2, b2 ✓

<latexit sha1_base64="/TJVveEMX+s9wn55w3uGj+D8X0o="></latexit>

zi
<latexit sha1_base64="AU0eUX/1EnFCxDdQdrkwJW9VRjo="></latexit>

⇥(I � ↵P )
<latexit sha1_base64="nURx7q1kNcViGcCYP0S3kbXQ1Kc="></latexit>

zi+1+ <latexit sha1_base64="0sCyrcB6ICKErD7kINSH0TZERVQ="></latexit>

⇧+

✓

Parameter

Neural network

+ <latexit sha1_base64="0sCyrcB6ICKErD7kINSH0TZERVQ="></latexit>

⇧+ +
<latexit sha1_base64="ZB1i0ZpcxiU2cYK79q5UyBVULzM="></latexit>

z0

<latexit sha1_base64="LDKfwz6Id+zg/W6Iu2Bmfz9+1KE="></latexit>

b1
<latexit sha1_base64="WvJdqwJoLF5AcdyzX/QsXt6JOsc="></latexit>

b2

<latexit sha1_base64="4mfJCNjKaaxhcFde57/rx8uG6w8="></latexit>⇥W2
<latexit sha1_base64="rvfYlKth7MnYHRpt/q1pNgl4h4U="></latexit>⇥W1

warm

start Candidate


Solution
<latexit sha1_base64="vnEeMSalvTv0Wzc4lHnEvoEThNA="></latexit>

z3

Algorithm steps
<latexit sha1_base64="9R9azAWrXNaND6mwWfv8fRMugxc="></latexit>

T
<latexit sha1_base64="9R9azAWrXNaND6mwWfv8fRMugxc="></latexit>

T
<latexit sha1_base64="9R9azAWrXNaND6mwWfv8fRMugxc="></latexit>

T

<latexit sha1_base64="S5MiAKnqVfcWAIepqZ+gOu+sHvg="></latexit>

z1
<latexit sha1_base64="+/dxjm+zxVlbwPWCX1KQ0KRVszE="></latexit>

z2

<latexit sha1_base64="8KMsieT4Slxm9QZ1qm5LD+Jf2aY="></latexit>

T✓(z) = ⇧+

✓
(I � ↵P )z � ↵✓

◆
Step size<latexit sha1_base64="pYrvrYEtrpAULCLg0e8wN5bGygo="></latexit>

Projection onto R+

Fixed-point operator:

<latexit sha1_base64="I7cYMerncGrwDz6m9hrdfXjPFP4="></latexit>

⇥(�↵)



Convergence and Generalization 
Bounds

21



Convergence always guaranteed for learned warm starts

Guaranteed convergence independent of warm-start

22

Linearly  
convergent

Averaged

Contractive

<latexit sha1_base64="lnEZBqff7D4DAcdHXS6WVLCm79w="></latexit>

Operator cases for T✓

solver with 

convergence

Parameter ✓

<latexit sha1_base64="asKySQTCVYVzZLusJwh/qxmuVyY="></latexit>

z!(θ)Solution

Learned



Generalization bounds: train for k, evaluate for t
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Flexibility: # of evaluation steps can differ from # of train steps 

Number of  
fixed-point steps

0
<latexit sha1_base64="rPiLU7CE3Cc+ov4c3vXzuNMnu64="></latexit>

Budget is t steps

<latexit sha1_base64="d/vB/+JpYntt2QO5+mt5KcU21hU="></latexit>

t

<latexit sha1_base64="7ylVwC2NaCZlT6z+E52yMcBf/1I="></latexit>

Goal: min f✓(z) = kT✓(z)� zk2

Guarantees from k training steps to t evaluation steps
<latexit sha1_base64="TKijWQ/wos5DtntOhDyao7Ltn4I="></latexit>

�-contractive case
<latexit sha1_base64="r95xnaoXnPCkPj8xWtENqMNs+S0="></latexit>

f✓(T t
✓(z))  2�t�k`✓(T k

✓ (z))

<latexit sha1_base64="ECaaI4SvbqgrydL+Uk6husoB/w4="></latexit>

Train with k steps

<latexit sha1_base64="nkpnLx5j72VxzCOM5rwI4n0YzN4="></latexit>

k

<latexit sha1_base64="F738r1/XrSxecTYL2yl3xU0G57c="></latexit>

Loss: `✓(z) = kz � z?(✓)k2



Penalty termEmpirical risk
Risk

Generalization bounds to unseen data
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Derived from the PAC-Bayes framework
Non-contractive case: we provide similar bounds

<latexit sha1_base64="4swL90d4BZImEEPHCOVvxSkgd68="></latexit>

Theorem 1. With high probability over a training set of size N , for any �,

Ef✓(T
t
✓(pw(✓)) 

1

N

NX

i=1

f✓i(T
t
✓i(pw(✓i)) + 2�t� +O

 
c1(t)

s
c2(w) + log(LN

� )

�2N

!

<latexit sha1_base64="TKijWQ/wos5DtntOhDyao7Ltn4I="></latexit>

�-contractive case

<latexit sha1_base64="cEsMxelI95/TUkzf1kz6xLvLC20="></latexit>

c1(t): worst-case fixed-point residual after t steps

<latexit sha1_base64="ZS50LSI0Dq4gSGNgBu56Ge6RInE="></latexit>

As t ! 1, the penalty term goes to zero

<latexit sha1_base64="2kf4yKljFW5/mEAD5yXx5+kcBM0="></latexit>

As N ! 1, the penalty term decreases



Written in
Learned warm-start can easily interface with solvers

25

Quadratic programs Conic programs

sol = scs_solver.solve(warm_start=True,  
         x=x0, y=y0, s=s0)sol = osqp_solver.warm_start(x=x0, y=y0)

Allows us to make timing comparisons for QPs and conic programs
We code exact replicas of OSQP and SCS

<latexit sha1_base64="H1v60O1YJ0naG2MSt9WMxQiuZkc="></latexit>

minimize (1/2)xTPx+ cTx

subject to Ax+ s = b

s 2 K

<latexit sha1_base64="r5+LalcUWN1frpYlffB1VYYprp0="></latexit>

minimize (1/2)xTPx+ cTx

subject to `  Ax  u



Numerical Experiments
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We evaluate the gain over a cold-start

27

Baseline initializations

Metrics plotted
1. Fixed-point residual

1. Cold-start: initialize at zero
2. Nearest neighbor: initialize with solution of  

              nearest training problem

Cold-start<latexit sha1_base64="+Xkuyqj7bLBMsSYHoaKbwtIy8aw="></latexit>

gain =
fθ(T t

θ(0)

fθ(T t
θ(pw(θ))

Learned warm-start

2. Gain over the cold-start



Sparse PCA

28

Non-convex problem
<latexit sha1_base64="d4M+cLm8rZS38lzLrZXrFpxUZqw="></latexit>

maximize xTAx

subject to kxk2  1

Card(x)  c

Sparse PCACovariance  
matrix

Sparse  
principal 

component

<latexit sha1_base64="ret+4p5j1XsTNb44ahK6xTrRzX4="></latexit>

θ = vec(A)

Semidefinite program
<latexit sha1_base64="vo9zrtp5AnLke0mbZmoQJL4OJQ0="></latexit>

maximize Tr(AX)

subject to Tr(X) = 1

1T |X|1  c

X ⌫ 0

<latexit sha1_base64="jknc7j4+8sT/y0SuVcCPhb99nOg="></latexit>

X?



Sparse PCA results

29Picking k > 0 is essential to improve convergence 

Different initializations
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Baselines
Cold-start
Nearest neighbor

Learned
<latexit sha1_base64="FmSAcsFAZ8A4QlNlhEBmyyHuV5U="></latexit>

k = 0
<latexit sha1_base64="XPOwKf1iAJvkrsSkuh27pMghZQQ="></latexit>

k = 5
<latexit sha1_base64="AdqvOYApmXMcAsiXHw+2UA6snZ0="></latexit>

k = 15



Robust Kalman filtering
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<latexit sha1_base64="wmBayszewVHXzNJoCdga7+f4ru0="></latexit>

θ = {yt}T−1
t=0

<latexit sha1_base64="x6qn6cmi2SxSZKdSKfDHj8XSym4="></latexit>

Dynamics matrices: A,B
<latexit sha1_base64="SzOUyJT1giHqFnGMFhahQlj5+4I="></latexit>

Observation matrix: C

Second-order cone program

Recovered trajectoryNoisy trajectory

Robust Kalman filtering

<latexit sha1_base64="7yxtuIZ6tNpPxLu6srfRVMdLQ98="></latexit>

{x!
t , w

!
t , v

!
t }T−1

t=0

<latexit sha1_base64="Wqcg3Cxv4zH0ZEoRidtuvUaulrs="></latexit>

minimize
PT�1

t=0 kwtk22 + µ ⇢(vt)

subject to xt+1 = Axt +Bwt 8t
yt = Cxt + vt 8t



Robust Kalman filtering visuals
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Optimal solution
Noisy trajectory

Previous solution
Nearest neighbor

Solution after 5 fixed-point steps 

with different initializations

With learning, we can estimate the state well <latexit sha1_base64="eiiy3MPLpYNipOlONEg/uY5+j/8="></latexit>

Learned: k = 5



Linearized dynamics

Model predictive control (MPC) of a quadcopter
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ControllerController Optimal 

controls

Current state,

previous control


reference trajectory

Quadratic program
<latexit sha1_base64="1Q2WEw94mynoxt+L2ScRqCmcHNU="></latexit>

minimize
PT

t=1(xt � xref
t )TQ(xt � xref

t )+
PT�1

t=0 ut
TRut

subject to xt+1 = Axt +But

umin  ut  umin

xmin  xt  xmax

|ut+1 � ut|  �u

x0 = xinit

u�1 = uprev

<latexit sha1_base64="k3GbGsZtXLQ2DqT2LxURDLnUrlg="></latexit>

✓ = (xinit, uprev,

{xref
t }Tt=1)

<latexit sha1_base64="froDObB3vrfr5qJujNCPvAjhg+k="></latexit>

{x!
t , u

!
t }Tt=0



MPC of a quadcopter in a closed loop
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Nearest neighbor Previous solution

Budget of 15 fixed-point steps

With learning, we can track the trajectory well

<latexit sha1_base64="U1njkXpRsAahl4/s04EZxEje6FM="></latexit>

Learned: k = 5



Image deblurring 

34

10th

percentile optimal blurred cold-start nearest
neighbor

learned

50th

90th

99th

10th

percentile optimal blurred cold-start nearest
neighbor

learned

50th

90th

99th

Image deblurring

<latexit sha1_base64="dQD5BH7YZ5zFOEoqWgKUZElNu2Y="></latexit>

✓ = b
Deblurred imageBlurred image

<latexit sha1_base64="BDp9dMTPiEm6ttwYD68Jgjstc1w="></latexit>

x?
<latexit sha1_base64="A59wN8giYPspF99FQIw/xiw6p2o="></latexit>

minimize kAx� bk22 + �kxk1
subject to 0  x  1

Quadratic program



Image deblurring

35

10th

percentile optimal blurred cold-start nearest
neighbor

learned

50th

90th

99th

With learning, we can deblur all of the images quickly

50 fixed-point steps

Distance to nearest 
 neighbor increases



36

Benefits of our learning framework

Guaranteed convergence 

Generalization to
Future iterations
Unseen data

Can interface with state-of-the-art solvers

Quadratic programs Conic programs

End-to-end learning: warm-start predictions 

tailored to downstream algorithm 

<latexit sha1_base64="pni7zQUZlPdJTQ4Yi64scDHwy3g="></latexit>

`✓

<latexit sha1_base64="gGs4tLiN3kheO9PJ+mA631gZ9iA="></latexit>

Learn with rw`✓ through the fixed point steps

<latexit sha1_base64="Awd5odlEPaGexe43BgqpJsJIqQI=">AAACAHicZVC7TsMwFHXKq5RXgZElokJioUoqBGsllk6oSPQhtVHluLfFqu2EXKeiirrwE6ywsSFW/oSFb8FpMxB6JEvnnutzfH39UHDUjvNtFdbWNza3itulnd29/YPy4VEbgzhi0GKBCKKuTxEEV9DSXAvohhFQ6Qvo+JObtN+ZQoQ8UPd6FoIn6VjxEWdUG8kTAaI9ihVLq0G54lSdBexV4makQjI0B+Wf/jBgsQSlmaCIPdcJtZfQSHMmYF7qxwghZRM6hp6hikpAL1kMPbfPjDK0R0FkjtL2Qs05hlMeYuZ5Wpr+9pc52hd5lUrEmfRNvqT6AXOJKrhIRS9JX8QQmLEiaEm5SpWkAWIKZnZq30Js5jcLcf9/f5W0a1X3qnp5V6vUG9lqiuSEnJJz4pJrUicN0iQtwsgjeSGv5M16tt6tD+tzebVgZZ5jkoP19QvlVpjT</latexit>

loss function
✓

<latexit sha1_base64="nB4c06tN2e83H1lxyaIBX4NeevE=">AAAB/3icZVDLSgMxFM3UV62vqks3g0VwY5kpotuCm66kgn1AO5RMetuGJpmQZIpl6MKfcKs7d+LWT3Hjt5hpZ+HYA4HDuTknJzeUjGrjed9OYWNza3unuFva2z84PCofn7R1FCsCLRKxSHVDrIFRAS1DDYOuVIB5yKATTu/SeWcGStNIPJq5hIDjsaAjSrCxUh8rMqEGiIkVDMoVr+ot4a4TPyMVlKE5KP/0hxGJOQhDGNa653vSBAlWhhIGi1I/1iAxmeIx9CwVmIMOkmXnhXthlaE7ipQ9wrhLNecYzqjUmedpZfo7X+WYkOVVzLWe89Dmc2wmOpcooqtUDJL0RS2BWKsGwzEVqZI0gM3AdsfuPcS2v12I///766Rdq/o31euHWqXeyFZTRGfoHF0iH92iOmqgJmohgiR6Qa/ozXl23p0P53N1teBknlOUg/P1C1IJmIU=</latexit>

architecture
<latexit sha1_base64="xCchef3iu9udd5Yy8gvPfH8OTfs="></latexit>

Neural network
with weights w

<latexit sha1_base64="bTBOGQ55UEFUHPHdbyrB30NF2Pw="></latexit>

pw(θ)
<latexit sha1_base64="AoZsu6TPbpqwYZWvpAFzShR0hYA="></latexit>

T k
θ (pw(θ))

<latexit sha1_base64="k7L+N5OI+a4Mgj6wPAXyLRfzUOU="></latexit>

k fixed
point steps

rajivsambharya.github.io

rajivs@princeton.edu

https://arxiv.org/pdf/2309.07835.pdf

http://rajivsambharya.github.io
mailto:rajivs@princeton.edu

